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ABSTRACT
Since pricing is recognized as one of the most important tools for profit optimization, price competition is one of 

the major issues facing companies. Determining the appropriate inventory control policy and optimal selling price of 
various products is a major subject of scientific and industrial research in recent years. On the other hand, today, some 
of the products on the market have the potential to become obsolete, which means that their demand is reduced at once 
with the development of new technology. Therefore, determining the optimal price and inventory policies for these 
types of products is very crucial. In this research, an inventory control model for a retailer is formulated to optimize 
the inventory and pricing decisions for profit maximization simultaneously. According to the problem assumptions, 
demand is price-dependent, the time that product becomes obsolete has an exponential distribution, the type of product 
obsolescence is also sudden, and the retailer determines the optimum price and order quantity of replenishment. The 
proposed model has a nonlinear profit function, in which the partial derivatives of the objective function are used to 
reach the optimal value. Finally, the effects of various parameters such as the speed of obsolescence, the holding cost 
of each item unit, the cost of selling obsolete items, and the purchasing price were studied on the total profit. For this 
purpose, a numerical example is solved along with a sensitivity analysis to evaluate the validity of the model and 
investigate the effect of parameters on the optimal solution. The key achievement of this study was the development of 
a new model and providing a solution to determine the optimal values of product sales price and retailer order quantity 
with maximum profit.

Keywords: Inventory Control; Pricing; Obsolescence; Price-Dependent Demand. 

INTRODUCTION
Determining the optimal price of the products has been a key issue for corporate decisions at all times. Pricing is 

one of the essential elements of a marketing plan and decisive aspects of inventory control modeling. Also, pricing 
has an important role in determining the amount of capital and income of the organizations, concerning costs of 
production, distribution, sales, advertising, and product bundling. For this reason, the topic of optimal pricing has 
attracted the attention of many researchers in the research sources. 

If the product is perishable, the importance of pricing increases because the demand for these items can be 
better managed by offering the appropriate pricing solutions and preventing the waste of capital due to spoliation 
or deterioration. It should be noted that, in general, perishability is defined as the decay, damage, dryness, spoilage, 
evaporation, deterioration, obsolescence, loss of utility, or loss of marginal value of a product that results in decreasing 
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usefulness compared to the fresh one (Wee, 1993). Also, pricing is one of the most important factors influencing the 
level and type of demand in a supply chain (Yang, 2004). Hence, pricing-inventory models of perishable products have 
been the focus of many researchers over the past two decades.

On the other hand, in recent years, researchers in the field of inventory control have increasingly examined product 
lifetime. Product lifetime is generally affected by the technological changes. Many products in real markets, especially 
in high-tech industries, are becoming outdated with emerging new technologies after a while. In addition, with the 
advent of new technology, demand for the previous products decreases. The correct decision-making about ordering 
the quantity of these products and their selling price during the boom of these products is the main issue of the 
industries and organizations. A prominent example of these type of products is the electrical appliance, including 
laptops and mobile phones. In this category of products, the manufacturers launch new models every few months and 
easily capture the market share of previous models and stop their production and ordering (Goyal and Giri 2001). 
Therefore, pricing should be considered along with inventory control issues to better manage demand and create 
optimal inventory policies (Abad 2003).

These types of the products are known as obsolescence products and unfortunately, despite the wide range of 
scientific researches on other types of perishable products (i.e., deterioration, decay, and so on), this type of perishable 
products has not received much attention on the part of scientific research. Specially, few researchers have investigated 
on pricing for obsolete items. Since price and order quantity are closely interrelated with each other, this study attempts 
to provide an appropriate answer to the question of determining the optimal price and quantity of the ordered items 
with a rapid obsolescence rate. Items with rapid obsolescence rate are the products whose demand declines rapidly 
and tends to zero (Raafat, 1991).

In this paper, a pricing and inventory control model is used simultaneously for the products that are encountering 
with obsolescence at the retailer level. The purpose of this model is to find the optimal retailer pricing value optimal 
ordering quantity, to maximize the total retailer’s profit. To this end, a mathematical optimization approach was 
used for modeling these issues based on a case study from the real world, and then the solution methods have been 
discussed. 

The rest of the paper is organized as follows. First, in the next section, the literature of the topic is reviewed. 
Assumptions and notations are introduced in section 3, and then the mathematical model is presented in section 4. 
Numerical results and sensitivity analysis are shown in sections 5 and 6, and finally, the paper is concluded with 
summary and future trends in section 7.

LITERATURE REVIEW

The studies on inventory control by early 1960 show that all products are assumed as infinite lifetime and invariable 
property. However, many products including decay products such as alcohol and naphthalene, perishable products 
such as fruits and vegetables, and obsolete products such as high-tech and fashion products may change over time. 
While perishable and decay products are changed by evaporation, dryness, spoilage, damage, and so on, the obsolete 
products are outmoded. The main difference between these two categories is the necessity of taking the product 
lifetime into account in obsolescence cases. Unfortunately, there are limited studies on this category compared with 
two other categories. As mentioned, since the price and product lifetime are closely related, this study tries to answer 
the question of how the price and order quantity for the products with future obsolescence are determined, especially, 
whenever the high-tech products with less lifetime are considered.

As the first study in this category, Cobbaert and Oudheusden (1996) proposed a model to control products with 
the risk of fast and unexpected obsolescence. They have examined the model with fixed and variable obsolescence 
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rates in two cases, with and without shortage. Joglekar and Lee (1993) suggested a model for obsolete products with 
exponential distribution. Besides, they have studied obsolete products in terms of price to maximize the retail profit 
(Joglekar and Lee, 1996). They presented an inventory control model by which the demand is a decreasing function 
associated with the increasing price and time, but the sudden stop of demand occurs after a time. Song and Lau (2004) 
suggested a model to control the obsolete products in terms of periodic probability demand, which is developed 
based on the dynamic programming approach. Wang and Tung (2011) solved an inventory control model considering 
the amount of demand during the product lifetime as a function of population growth and discount. Delft and Vial 
(1996) investigated the control of obsolete products with a short lifetime and calculated the optimal order quantity 
by considering the discount rate. Finally, Persona et al. (2005) proposed the consignment stock policy for obsolete 
products. 

On the other hand, there are many studies about pricing of deteriorating products. Avinadav et al. (2013) determined 
the optimal price of deteriorating products concerning demand dependency on time and price. In this research, the 
product lifetime was fixed, and the demand was considered as a reduced binomial distribution function related to 
price. In addition, Avinadav et al. (2014) implemented the process of pricing and inventory control by considering the 
dependency of demand on product lifetime. They have developed the demand function in three forms of exponential, 
linear, and geometrical functions.  

Dye (2012) proposed a model considering delay in payment and time/price-dependent demand, in which profit 
maximization was achieved by determining the optimal price and order quantity. Ghoreishi et al. (2013) have presented 
a model to maximize profit based on the selling price and optimal order quantity. They have examined time and price-
dependent demand and modeled the inventory in terms of inflation and partial backlogging. Maihami et al. (2014) 
have examined deteriorating products based on the promotion activities. Rabbani et al. (2015) presented a model for 
the dynamic pricing of deteriorating products. Zhang et al. (2015) suggested a model for the dynamic pricing of non-
instantaneous deteriorating products with inventory-dependent demand. 

Sato (2015) suggested a model to control perishable products in terms of dynamic pricing, in which customers can 
postpone the purchasing decisions. Hong and Lee (2012) presented a pricing model by which the demand is dependent 
on price, guaranteed lead time, and lateness penalty offered by the supplier to customers. Alfares et al. (2016) have 
studied pricing and inventory control about demand, purchasing, and holding costs such that the purchasing cost 
depends on the quantity of demand and the holding cost depends on time. The discount was also considered based on 
the quantity of the ordered products.

Nakade and Ikeuchi (2016) proposed an optimal ordering and pricing model for fresh foods at a discounted price.  
Feng et al. (2017) presented a model for the inventory control and pricing of perishable products by which the demand 
is dependent on price, freshness, and inventory. In this work, the assumption of the zero levels of the final inventory is 
violated, and three variables including pricing, length of cycle time, and final inventory level were considered in profit 
maximization objective function. Li et al. (2017) examined the inventory control and pricing of perishable products 
among retailers. They used the policy of delay in payment to suppliers and delays in receiving money from customers. 
Meanwhile, inflation was also considered in this model. They assumed greater demand for fresh products with a higher 
lifetime. Therefore, demand is dependent on price and freshness. Maihami et al. (2017) presented a model for the 
inventory control and pricing of noninstantaneous deteriorating products considering the two-level delay in payment. 
The model is developed under partial backlogging shortage and based on probabilistic demand in three uniform, 
triangular and beta distribution functions. Soni and Chauhan (2018) provided an integrated inventory and pricing 
model for deteriorating products considering time proportional deterioration, partial backlogging, stochastic demand, 
and advertising. Finally, Taleizadeh et al. (2016) have investigated an EPQ model of lot sizing and pricing considering 
the price-dependent demand in a closed-loop supply chain. The reviews are summarized in Table 1.
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According to Table 1, the studies show that, unlike the deteriorating products, a few articles have presented the 
pricing of obsolete products. For this reason, the study of this issue in the field of obsolete products is of great interest. 
After sudden obsolescence, demand at once drops to zero, the optimal ordering and pricing play a decisive role in the 
profitability of the retailer, and hence in this research, it is attempted to determine the optimal amount of the order 
based on price-dependent demand, which has not been studied in obsolete products so far.

As a recent study, Mahmoodi (2019) introduced an inventory control model for replaceable deteriorating items with 
a linear price-dependent demand for duopoly retailers. Replaceable items are the items that are sold under different 
brands. The modeling was performed by two retailers and with and without considering shortage. Then, the model was 
solved using the game theory approach.

Chen (2019) proposed a hybrid model of pricing and inventory control, for perishable items in terms of the impact of 
promotional activities between one manufacturer and several retailers. To illustrate the advantages and disadvantages 
of an integrated supply chain, the model was offered and solved in the form of vendor management inventory (VMI) 
under “just-in-time” replenishment policy and was compared by a decentralized model as a benchmark approach. 
Azadi et al. (2019) proposed a hybrid of pricing and inventory optimization in the form of two-stage stochastic model 
for perishable items. In this model, the selected supplier replenishment plan is specified under a periodic-review 
inventory control policy and considering nonstationary demand and supply.
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As observed in Table 1, unlike researches on inventory deteriorating items, there are not many researches on using 
pricing in inventory model of obsolescence items. This research tries to answer the question, in conditions with the 
presence of occurring obsolescence for inventory items, how many items should be ordered and at what price should 
the items be sold.

ASSUMPTIONS AND NOTATIONS
Considering an inventory control system with obsolete products and price-dependent demand, the introduced 

model was developed based on the following assumptions.

Shortage is not allowed• 

Obsoleted products are sold at a price less than the purchasing costs. • 

The annual demand rate is constant.• 

A single product is considered.• 

Lead-time is zero, and the replenishment rate is infinite. • 

Obsolescence happens suddenly.• 

The obsolescence product lifetime is exponential.• 

The planning horizon is infinite.• 

Meanwhile, the following notations are being used for developing the mathematical model.

PARAMETERS:
t: The time that product becomes obsolete (Year)

L: Expected product lifetime (years)

R: Demand function, which is defined as: R =R0 

R0: Fixed parameter of demand function, 

a, b: Elastic parameters of demand function (a < 1)

A: The ordering cost ($)

h: The holding cost per unit of inventory held ($/year) 

C: The purchasing cost per unit ($)

: Selling price of obsoleted products per unit ($/year)

: The probability that an obsolescence does not occurred during the order cycle.

: Total retailer’s profit per cycle

: Total retailer’s profit in planning horizon.

DECISION VARIABLES
Q: Order quantity per cycle

p: The selling price per unit ($).
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MATHEMATICAL MODEL
The proposed model consists of the proceeds from the sale of products, holding cost, ordering cost, purchasing 

cost, and salvage values of obsolete products per cycle to maximize the profit of the retailer, as discussed below. 

Since the proposed objective function is nonlinear and bivariate, a mathematical powerful software is needed to 
solve the model. Among the available mathematical software, MATLAB, Maple, and Mathematica were evaluated. 
Mathematica has a better display power and performance, because it is technically simpler and has the capability of 
drawing 3D graphs as well as the exact solution of linear and nonlinear problems. Therefore, in this research, this 
software has been used to solve the numerical examples.

1. Sales revenue (denoted by Vs):

 Sales revenue can be calculated based on obsolescence occurring time as follows: 

Case 1: during cycle time [0 < t < T]

(1)

Case 2: after cycle time [t > T] :

(2)

2. Salvage values of obsoleted products (denoted by )

(3)

3. Cost of purchasing (denoted by CP):

(4)CP= c*Q

4. Cost of placing orders (denoted by OC):

(5)OC = A

5. Holding cost (denoted by CH), which is similarly calculated based on obsolescence occurring time as follows:

Case 1: obsolescence during cycle time [0 < t < T] :

(6)

Case 2: obsolescence after cycle time [t > T]:
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(7)

At result, the total retailer’s profit per cycle can be obtained as follows:

(8)

 Meanwhile, considering exponentially definition of product lifetime function and its memoryless property, the 
retailer’s profit at the beginning of each cycle in the absence of obsolescence would be equal to the retailer’s profit of 
the previous cycle. Therefore,

(9)

 where

(10)

and hence the total retailer’s profit at the infinite horizon time would be

(11)

SOLUTION METHOD
Since the objective function of the model is complex and it is very difficult to provide a complete solution and 

prove the concavity for Eq. 11, to obtain the positive roots and prove the concavity of the objective function, the Taylor 
series approximation is used as follows:

Considering the Taylor series approximation , the objective function can be simplified 
as follows:

(12)

Then, the optimal w value of Q is simply obtained as follows:

(13)
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where .

 The second-order derivative on Q can be also obtained as follows:

(14)

 is concave in Q only if  for all Q. 

Given that the amount of demand is always higher than the order quantity and L > 1,  and then 
. Hence, Eq. (14) is negative in Q* and then it is concluded that Q* is a global solution for 

optimization model. 

Theorem:

For any given Q*:

The objective function has a unique solution on p.(a) 

The solution in (a) satisfies the local optimal conditions.(b) 

Proof:

Based on Mahami (2014), Dye (2007), Chang et al. (2006), and Yang et al. (2009), due to high complexity of the 
taken derivatives, instead of straight forward proof, the theorem was pursued on the objective function by substituting 
the optimal Q in (12) and, consequently, obtaining an objective function response with only selling price (p). For any 
Q* the first-order necessary condition for  to be maximized is , that is,

(15)

In addition, the second-order derivative on p can be obtained as follows:

(16)

In this equation, given that, in real condition of an inventory problem, generally more than one order is placed, we 
can consider  where k > 1 and hence .

On the other hand,  it is evident that the selling price per unit (p) and selling price of obsoleted products per unit 
 are more than the holding cost per unit in the expected product lifetime (hL) and so  or in other words, 

 and hence .

Considering the two above inequalities, 

Consequently,  is concave on p for any given Q*, and hence the optimal p obtained from (15) would be 
unique. As result, there is a unique value of  (p*), which maximizes  and the theorem is proved.
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NUMERICAL EXAMPLE

Now, after introducing the mathematical model, to illustrate the solution procedure and the results, the following 
numerical examples are solved with one of the mathematical software programs. For this reason, Mathematica software 
was used to solve the numerical examples, since this software is particularly useful for solving complex nonlinear 
problems, by simply obtaining the first and second time derivatives. In addition, the software is capable of drawing 
3D graphs of the results, which is useful for this study in showing the optimal results.

The results are obtained by “FindMaximum” in Mathematica 6.0, and the illustration is plotted using “Plot3D” in 
Mathematica 6.0. 

Example 1: This example is based on the following parameters:

A = 250, b = 1,  = 0.005,  = 1000,  = 6, L= 4, c = 50,  = 15

Figure 1. Changes in the retailer’s total profit compared to the selling price and order quantity.

As shown in Fig. 1, the objective function is concave for the given parameters at the optimal price with Q = 96.67. 
The optimum value is 253.349. Of course, the curve for much more intervals is depicted in all three dimensions, but 
there was no change in concavity of the graph.

As shown in Fig. 1, the objective function is concave for the given parameters at the optimal price with Q = 96.67. 
The optimum value is 253.349. Of course, the curve for much more intervals is depicted in all three dimensions, but 
there was no change in the concavity of the graph.

Example 2: This example is based on the following parameters:

A = 200, b = 1,  = 0.005,  = 1000, A = 250,  = 6, L= 4, c = 200,  = 150, Q* =150

In this example, it is attempted to show the optimal P for optimal Q. The numerical results are shown in Fig. 2, 
which indicates the concavity of . As a result, it is ensured that the local maximum obtained here is indeed 
the global maximum solution.
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Figure 2. Graphical representation of .

SENSITIVITY ANALYSIS
To perform sensitivity analysis, the cost parameters and lifetime have been changed, and their effects on order 

quantity, selling price, and total profit are examined as shown in the following examples:

Example 1: now the effects of changes in the system parameters on the p*, Q*, and  by changing in φ, h, L, and 
C are addressed. The computational results are shown in Table 2.

Table 2. Sensitivity analysis by changing , , L, C.

QpvalueParameter
40.7202350.99513597110

h

38.4428351.34813552915
36.5052351.68713510920
34.8304352.01213470725
33.3638352.32613432130
32.0654352.63113394935

64.8555348.856138717120
56.7517349.359138060100
51.0719349.81313747380
46.8061350.23213693660
43.4501350.62513643840
40.7202350.99513597120

60.1903294.21518195820

C

57.3903294.40818163330
54.9454294.59418132140
52.7865294.77418102150
50.8617294.94818073160
49.1314295.11818045170

59.5866294.5093179817

L

58.4606294.5092724516
56.9799294.5322268965
54.9454294.5941813214
51.9716294.7291357293
47.1887295.03590134.42
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Example 2: This time, the effects of changes in the system parameters on the p*, Q*, and L are investigated by 
taking into account the interactions of the parameters in , h, L, and C. The computational results for C=50 $ and 
C=200 $ are shown in Table 3 and Table 4, respectively.

Table 3. Sensitivity analysis by changing L, h,  in C=50 $.

 =30 =20Parameter
pQpQL

453276251.47141.009452529251.711127.6062
2.5

907848251.237160.676906928251.399150.2974

450881251.464105.972450293251.67399.89942
6

902156251.302113.739901455251.435109.8544

448668251.50686.6123448172251.6983.18862
10

896955251.40290.7568896365251.51888.73464

Table 4. Sensitivity analysis by changing L, h,  in C=200 $.

 =150 =100Parameter
pQpQL

211182403.08768.3036209484404.09454.75482
10

424100402.59880.800421905403.30468.62134

209284403.40653.6492207869404.32146.25682
24

419484403.10259.1822417740403.71253.81894

403.644403.77944.7181206258404.61340.13522
40

41521020748647.799413722404.18744.8114

The results show that the retailer’s total profit is decreased by reducing the lifetime of the product (L), which is 
natural because the retailer is forced to keep more products in less time, resulting in lower profit. However, the optimal 
price does not change much, since changing L does not affect demand changes, whereas the optimal order quantity 
is decreased since the product is obsolete more quickly by reducing L; therefore, the retailer orders fewer products to 
deal with the risk of obsolescence. 

Besides, the retailer’s total profit is reduced by increasing C, because with the increase in C, even though the value 
of p is increased, the effect on demand reduction is much higher, and so the total profit is reduced. 

Increasing C decreases the amount of ordering, because as the item purchasing cost increases, the retailer must 
sell the product at a higher price. Increasing the sales price reduces demand, and decreasing demand reduces the order 
quantity.

Meanwhile, increasing φ will naturally cause an increase in retailer revenues and a relative increase in an optimal 
order quantity, but it does not affect the selling price.

 Finally, increasing h, due to the direct impact on increasing holding cost, reduces optimal order quantity and 
consequently reduces the total profit of retailers. However, since it does not affect the amount of customer demand, it 
does not change the selling price so much. 



Optimal Inventory Control of Obsolete Products with Price-Dependent Demand182

In this section, several numerical experiments were performed to analyze the decision variables including the 
price and order quantity and obtain the optimal value of objective function, based on the changes in the values   of 
some critical parameters of the model. The results are presented in detail in Tables 2, 3, and 4. Specifically, in this 
section, sensitivity analysis is performed on L, h, C, and φ parameters. Given that these parameters have an important 
and decisive influence on the behavior of objective function, decision making, and management solutions, they are 
selected for sensitivity analysis. According to Table 2, the increased risk of obsolescence (i.e., L reduction) reduces 
the order quantity. Therefore, at a time when the risk of obsolescence is high, it is better to purchase less items from 
the beginning and store them in the stock. Besides, if the holding cost per unit of an item is high, fewer items are kept 
in the stock and consequently, the order quantity decreases. Also, if the sale price of the obsolete items is higher, it is 
better to order more from the beginning of the period.

CONCLUSION
In recent years, the technological development, strong market competition, and acceleration of innovation have 

greatly reduced the product lifetime, and hence the products (especially hi-tech products such as electronic devices, 
cell phones, personal computers, and information systems) are obsolete faster.

On the other hand, studies show that inventory control policies, without considering the selling price as decision 
variables, are not able to optimize the profit correctly. Therefore, concurrent attention to price and inventories is 
not only useful but also essential, since simultaneous decision with these two factors helps optimize the system and 
increase the profit.   

Accordingly, in this study, a combination of pricing and inventory control for the products exposed to obsolescence 
was introduced considering price-dependent demand. 

The problem of pricing the obsolete items is of particular importance due to the sudden drop in their demand. 
But the objective function of inventory control problems with obsolete items is of considerable complexity. This 
complexity is due to the possible nature of the obsolescence process. The probable period of obsolescence for an item 
is usually considered in the form of an exponential distribution function. Therefore, the objective function in these 
types of problems is usually a complex nonlinear model. For this reason, the pricing of obsolete items has not been 
seriously investigated so far.

In modeling, after determining the terms of inventory control costs and the revenue proceeds from sold products, 
the retailer’s total profit was developed, and then the model was solved using the mathematical methods. Meanwhile, 
numerical examples were introduced to analyze the results, and sensitivity analyses were performed on the optimal 
order quantity and selling price. 

There are some limitations is this study. We had to use some simplifications in the model by using Taylor series 
approximation. Meanwhile, in proving the concavity, we could not use Hessian matrix directly and instead, a 
replacement approach was used to solve the problem. After all, there are many specifications and conditions in the 
real world that have not been addressed in this research. For example, the demand rate can be defined in both time 
and price-dependent modes considering the effects of product lifetime on the demand. Obsolescence can be assumed 
gradually (instead of suddenly) as a function of time. Moreover, the model can be more extended into real-world 
conditions by considering concepts such as the time value of money and delay in payments. Finally, the various types 
of shortages can be added to the model, and the model can be developed based on these new restrictions.  
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