Journal of Engg. Research Vol. 4 No. (1) March 2016 pp. 145-158

5 gon o gelay LY Sl Y1 B 5521 sedd S 0Ly

EY s ot
Ol = sdeir i g O gl J g ) Bl ASGISC Rl S

Lo

inal e LYl Y1 Gasdl b patlast Olud JE - Dl sds ks
onall il Jases 508y BV ol Gp 3 g (B ad pela RIS mo 8 el
dﬁw)}\a)‘»@.ﬁ Slasl Gaad e Sl Jbuu.el.@.a...la.:u.i.ccf.al\ C.UA.J\ o
= c\.Jw;J\w.,\.,.@.ﬂuw\dewujfﬂw\obﬂjw\)&\w}j
i by Jass bdie gl sls g il st 5 6 sanll bwo\d.b&bd\
okl G B ol 005 8355 - Jle Ty o Lo 5, 15 Loy
J&}\@p@,mw\wjgﬂ\:\i;\p\@aﬁ@u\,;@,@ow@y\

B Jolaes (CTOA) 4 (CTOD)



Analytical solution for crack growthing of semi-submersible platform’s horizontal brace 146

Analytical solution for crack growthing of semi-submersible
platform’s horizontal brace

Fei Wang* and Zheng Liang

School of Mechatronic Engineering, Southwest Petroleum University, Chengdu, China

*Corresponding author: hanshuichunl@126.com

ABSTRACT

The article presents an analytical solution to calculate the crack growth characteristics
of semi-submersible platform’s horizontal brace with a circumferential through—crack
lies at the boundary between the horizontal brace and column loaded by tension.
The results of the proposed model may be applied in the full range of fracture from
stationary crack to plastic collapse and the solution process is clear and the analytical
solution is found which is especially suitable to solve problems in practical engineering
application. The analysis results indicate that the crack tip opening displacement
(CTOD) on the cracked section increases smoothly when loaded with small tension but
increases sharply when loaded with larger tensions. Furthermore, the crack initiation
load and the ultimate load vary dramatically with the initial angles and yield stress
compared with critical CTOD, critical CTOA and Young’s Modulus.

Key words: Analytical solution; circumferential through-crack; crack growth;
horizontal brace of semi-submersible platform.

INTRODUCTION

Semi-submersible platforms, one of the most widely used for deep-water applications
due to their reuse ability and mobility, have gained popularity in recent decades with
on-going development of deep-water oil and gas exploration. The horizontal brace
is one of the main structures in semi-submersible platforms which serves as the
supporting structure especially when the platform encounter horizontal tension load in
ocean engineering. Although the safety design standards for this kind of structures are
quite strict, cracks inescapably are initiated during their service life. The presence of
such cracks at critical locations can compromise the safety of the whole structure such
as the catastrophic fracture failure of Alexander L. Kielland in 1980, which resulted
from a single circumferential crack at the boundary of its horizontal brace (Almar et
al., 1984).

To ensure the safety and reliability of the semi-submersible platforms which would
be subject to very harsh marine environment during their service life, analysis of the
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mechanical characteristics of a cracked horizontal brace is necessary. The problem of
brace structure with a crack has been investigated by a number of authors (Sanders,
1987; Brighenti, 2000; Andrea et al., 2007). In most of the articles cited, the crack
has been assumed to be a surface crack or present far away from boundary. However,
a circumferential through-crack in a horizontal brace usually lies at the boundary
where stress concentration in high such as the crack-induced total losses of the semi-
submersible platforms of Sedco in 1967, Alexander L. Kielland in 1980 and Ocean
Ranger in 1982 (Maier, 1985; Inge and Odd, 2005; Colin et al., 2014). As for the
method of computational analysis, the most popularly applied method to analyse
the characteristics of cracked brace structures is the finite element method whose
effectiveness has been accepted by the engineering community. Nevertheless, the
finite element method should be carried out for every member and structure system
with local defective elements else the nonlinear calculations will be inefficient and
would require spending significant amount of resources. Therefore, the theoretical
analysis is still necessary.

The present article aims to investigate an analytical method calculating the
mechanical characteristics of semi-submersible platform’s horizontal brace having a
circumferential through-crack at the boundary.

GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The horizontal braces of the semi-submersible platform are of medium length which
means that the radius of the cross section is significantly smaller than the length of
the horizontal braces. From the viewpoint of the shell theory, the semi-submersible
platform’s horizontal braces belong to the mid-long cylindrical shell category.
Regarding the length of circumferential through-cracks on the brace structures,
historical records show that such cracks are very long (Reason; 1997). For instance,
in the disastrous event of semi-submersible platform Alexander L. Kielland (Figure
1), the circumferential through-crack near the boundary of the horizontal brace had
propagated to almost 67% of circumferential length of the brace before fracture
(Moan, 2007). Above all, the characteristic equation of the horizontal brace could be
expressed under a semi-membrane state, in which, characteristic functions vary more
slowly in the axial direction than that in the circumferential direction.

Fig. 1 a, the salvaged Alexander L. Kielland; b, fracture of the horizontal brace
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In this paper, a horizontal brace of a semi-submersible platform with a
circumferential through-crack present at the boundary between the horizontal brace
and the column of the semi-submersible platform is considered. The column is assumed

to be considerably stiffer than the horizontal brace and is subjected to a tension load
as illustrated in Figure 2, where a coordinate system and load direction have also been
shown.

Tension

-

column horizontal brace

Fig. 2 A circumferential through-crack lies at boundary of a semi-submersible platform

Under a semi-membrane state (Sanders, 1987) the characteristic equation satisfied
by each of the two complex characteristic functions @ and ¢, which are related to each
other by ¢°®/0z°=¢’p is

o* (o’ . L,00
aez[aez +QJ—1£ =0 (1)

Here, ¢ is a small parameter given by &’= (A/R) [12(1-1?)]"* where h and R are
the thickness and radius respectively of the horizontal brace of the semi-submersible
platform and u is Poisson’s ratio. Then, the expression of dimensionless complex
displacements u, v, and w, stress functions x_, y,, and { can be given in terms of @ and

¢ by
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The complete solution @, to the problem presented in this article can be expressed
as .=+, where @, is the solution obtained by the existence of the circumferential
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through crack at the boundary and @, is the elementary solution composed of simple
axial tension solutions, rigid-body motion solutions (for which stresses disappear)
and null solutions (for which displacements disappear). The elementary solution for a
cylindrical shell was derived by Sanders (1972) as
o',
06’

= {O.Si [1 +ie? (2+ u)} 0+ (1 + igzu) (O.SSZZZ - l)} o, +ia—ebz +iccosd + edzcos®  (3)

Here, a, b, ¢, d are constants unknown and o is dimensionless load parameter
corresponding to tension load 7 which can be defined as o=7/ (2zRhor), where oy is
yield stress of the material.

circumferential through-crack

tensile plastic zone

elastic zone

(a) (b)
Fig. 3 (a) boundary conditions on the horizontal brace; (b) circumferential through-crack section of the
horizontal brace

Since there is a static-geometric analogy between displacements and stress functions
and Sanders had derived the expression for the stress functions in terms of integrals of
the effective Kirchhoff edge resultants, the treatment of the boundary condition is thus
simplified (Sanders, 1980). The displacements (u, v, and w) and Kirchhoff edge load
(T, Ty, V and M,) are used to analyze the boundary conditions of the cracked section
of horizontal brace, shown as in Fig 3 (a). This section is composed of circumferential
through-crack, tensile plastic zone, elastic zone and compressive zone, shown as in
Fig 3 (b). The opening angle of the circumferential through-crack is 2a, while the
angle S and y mark the beginning of tensile plastic zone and compressive plastic zone
of the brace away from the crack, respectively.

On the free surface of the crack (0<6<a) there is no acting force and the boundary
conditions may be written as 7,=T,=V=M,=0. The tensile stress equal to the yield
stress oracting on the tensile plastic zone (a<f<p) of the crack section in axial direction
of the brace and the plastic deformation exist in this zone. Additionally, there should
be no circumferential displacement, considering the rigid constraint of the crack on
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this section. Therefore, the boundary conditions in this zone lead to v=V=M,=0 and
Tz=1. Contrary to the tensile plastic zone, the compressive stress equal to the yield
stress o, acting on the compressive plastic zone (y<6<r) of the cracked section and
the boundary condition can be obtained as v=V=M,=0 and Tz=-1. Additionally, the
boundary condition of elastic zone (f<0<y) of the cracked section can be obtained
as u=v=w=0w/0z=0. The expression for the boundary values of the stress functions
in terms of prescribed edge load 7z, T, V and M acting on the edge z=0 derived
by Sanders (1972) which could simplify the treatment of boundary conditions as
follows,

&y = sim9.|.9(TZ +&'M, ) sinndn + cos@jH(Tz +&’M, )cosr]dr] - JgTzdn 4)

gy = sinﬁjg(%sinn + ngcosn)dr] +cos GIO(Tgcos n—&°Vsin 77) dn- J.()ng n (5)

The boundary condition mentioned above can be obtained in terms of the
characteristic functions @ and ¢ following Equations (2), (4) and (5) as
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The symbol R{} denotes the real part of the expression in brackets and the subscript
¢ means that the expressions are in terms of the complete characteristic functions.
With Equations (3), (6), (7), (8), and (9), the particular integral @s at the boundary que
to the existence of the crack turns into
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Here, the subscripts R and / refer to the real and imaginary parts of these constants
and G, is real constant of integration. Furthermore, any solution to Equation (1)
satisfies the conditions

= 0*D = 0*®
s = L cosfdf=0 (14)
JO 06* o -L 06° o
o (o', 2 (o, 1
62( 06> ]:_128662[ PYE +2(va (15)

Now substitute 6°®,/06° (0, ) =F (6) into Equations (14) and (15) to get

[[(F+F)ao=0

x (16)
L F"cos@dO =0

o (&,
az\ 00" )|,

Additionally, by using Equations (16) and (17), the boundary condition of Equations
(10), (11), (12) and (13), can be expressed in the equivalent form as follows,

=—i%g(F"+%Fj (17)
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Fy =~(a, +22b, ) ~(c, + 2424, ) cos0+ Scos (0/2) ~(0.56* ~1) 0;,:0 < O < (18)
F,=a, +c,cos0;a<0<x (19)
F, =(a, +cycos0) (056" ~1)0,:0< 0 < (20)
F, =—(ay +cyc0s0)— (050" —1) o, +cos(0—a)+05(0-a) ~La<0<j 21

F,=2\/5bR—a,+(2\/5bk—c,)cos9+2\/5Pcos|:(0—[3)/«/§:|+ZﬁQC()s[(H—B)/\/EJ;ﬂS9<7 (22)
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Here, S, P, Q, G, are real constants of integration. Adding the undetermined £ and
y there exis totally fifteen unknown constants in the above equation. The continuity of
the displacements and stress functions at the cracked section implies that Fy, Fr, Fy’
atoand Fy, F;, F,', F;” at § and y should be continuous (F}, F;, F; at a are continuous
from simply checking), from which eleven equations can be obtained. Four more
equations can be found for the real parts and the imaginary parts equal to zero in
Equation (16). There are thus fifteen conditions to determine the fifteen constants and
all the constants can be finally determined by means of algebraic methods.

The extensions of the plastic zones f and y with given a and o, can be determined
by the following simultaneous transcendental equations

[(sinﬂ+ﬂcosﬂ)sinx+«/§(7r—y+ﬁcosﬂcosx)sinﬁ}ar —[sinﬂ—sina +(ﬂ—a)cos,[)’]sinx

(24)
+\/5[ﬂ'—;/—(ﬂ—a)cosx]sinﬂ:0

{[(7[ —¥)cosy - siny] sinx— «/E[(;r —y)cosx+ /3] sin;/} o, — [sin;/ —(7-7) cosj/] sinx

25
_ﬁ[(ﬁ—y)cosx—ﬁ+a]siny=0 (@)

The dimensionless crack tip opening displacement (CTOD) subjected to the tension
load can be obtained as
CTOD =0.252¢™ |:—A+CCOS(1—(0.50(2 +1)o-,] (26)

where

A =—\/5{[(n—y)(l —oT)cosx— for +ﬁ—a]cotx+(n—y)(l —GT)sinx}—O.SﬁzaT +0.5(ﬂ—oz)2

C :[—BO'T +sin(ﬁ—a)+ﬂ—a:|/sinﬁ

For tearing after the crack growth started, the crack tip opening angle (CTOA)
based on Dugdale model defined by Sanders (1987) is
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orfdo_ou
da 00|, 27)

The crack growth hypothesis set by Budiansky (1985) is that the crack opening
shape in the neighbourhood of the crack tip remains invariant as the crack grows which
means that the CTOA remains constant in the process of the stable growth of the crack.
According to the Equation (27), the Equation (26) can be put in the following form,

V20, £cosa—%—(laz+ljdo-r + 2 lSsini+ia0'T =y, (28)
4E¢ | da da \2 da | Es\4™" 2 2
Where . is the CTOA reflecting tearing resistance.

In the absence of such a zone where the compressive plastic zone of the crack
section does not appear (y=r), the tearing equation is restated as in the following form
by Equation (28)

do E¢
(ri+g)" LrgW +1+H =22y, (29)

-
where

r. == fPeosa/sinB+0.58% =2 fcotx +0.5a° +1

g = cosa[(ﬁcosﬂ—sinﬂ)a, +sina +sinf—(B —a)cosﬂ]/sinz,ﬁ +(B—-a-pPo;)cot’x
—HE(I -0, )cotx+ cosx/ sin’x

(sinB+ Bcosf)sin x+ \/E(ﬂcosﬁ cos x) sinf3

h= [O 52 (sinf3+ Beosf)cosx + 2cosﬂsinx} oy = O.Sﬁ[sinﬂ +sina+ (- a)cosﬂ] cosx —2cos Bsinx
W = (cosa +cosf3) sinx+ \/Esinﬂcosx
=

O.Sﬁ[sinﬁ + sina + (,B - a)cosﬁ] cosx — |:0 .Sﬁ(sin,b’ + ﬁcosﬂ) cosx+ ZCosﬁsinxJ o, +2cosfsinx
I =—cosa [1 + cos ]/smﬂ + ) x/_cotx

H =0.5\2Ssin (a/\/z) +2a0, +20,sina

When the compressive plastic zone appears (y<x), the parameters of f, y and o
could be regarded as the functions of a and the tearing equation becomes

(8l + M) O g W+ N +H =22 2oy, (30)
da Op
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where

r, =— Beosa/sinB+0.55" —\/Eﬁcotx—\/i(ﬂ—y)/sinx +0.5a¢” +1

g, = C()sa[(ﬂcosﬁ—sinﬁ)aT + sina +sinﬁ—(ﬂ —a)C()sﬁ:I/sinzﬂ +(B-a-po;, )colzx-#\/z(l—ar )corx
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L, =(B,K;-BK,)/(K,K,-KK,)

M =[BK,-B,K]/[K.K,-K,K,]

N= {ﬁsinyKl +[ (cosar+cos ) sinx—[2sinfcosx Kz} /[KIKZ ~K.K,]

K, = [O.Sﬁ(sinﬁ + ﬁcosﬁ) cosx + 2cos Bsinx + \/5(72’ - }/)cosﬂ:| o —O.Sﬁ[sinﬂ + sino + (,B —a)cosﬂ] cosx
—2cosﬁsinx+«/5(7r—y)cosﬂ

K, = {—05'\/5[(7[ - 7)005}/ - siny] cosx —2cosysinx — \/Eﬂcos}/} o+ O.Sﬁ[siny - (7[ - 7)005}/] cosx
—2cosysinx+ «/5(,3 - a) cosy

K, = [O.S«E(sinﬁ+ ﬂcosﬂ)cosx—ﬂsinﬁsinx+ \/Esinﬂ] o; —O.Sﬁ[sinﬂ —sina +(ﬂ—a)cosﬁ:| cosx
+(,B—a)sinﬂsinx—\/§Sinﬁ

K, = {4)5&[(7[ - 7) cosy — siny] COSX*(H - y)cosysinx - x/zsiny} oy + O.Sﬁ[sinj/ - (7[ - 7)cos7/] cosx

- (ﬂ' — 7) sinysinx + ﬁsin;f

SOLUTIONS

The results of mathematical model proposed in this article to calculate the mechanical
characteristic of semi-submersible platform’s horizontal brace with a circumferential
through-crack at the boundary between horizontal brace and column loaded by tension
may be applied in the full range of fracture, including the crack growth from elasticity
to full plasticity and the solution process is simple as the analytical solution is found.
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1
‘ Inputs: R, h, o, v, E, CTODc, ¥, and @, ‘ [ Solution for crack growth |
[
‘ Solution for stationary crack ‘ No
—— Yes
Input initial 7 ‘ Compressive plastic zone does not appear ‘
Input initial 3, and y,, Modify a=c+da
| Modify Band y | [ Solve fif,y,)MP,,),CTOD | [SoIve B oo and 7, following Eq.(13) and Eq.(17) |
No
Modify T=T+dT
Yes
‘ Compressive plastic zone appears }47
No
Yes
Output f and y ‘ Compressive plastic zone appears ‘
Modify a=a+da
‘ Solve B ..» Ype, 20d T, following Eq.(13) and Eq.(18) ‘
No

Plastic collapse

Fig. 4 Flow scheme of solutions of stationary crack and crack growth

At the beginning of the solution, basic parameters including parameters of the
horizontal brace and initial angle of the crack are input for the solutions. An initial
tension load should be assigned to start the calculation for stationary crack. As explicit
solution for plastic zones of the cracked section of horizontal brace is hard to find
from Equations (24) and (25), assuming initial £, and initial y, is necessary. Two more
parameters, f'and A, are defined based on Equations (24) and (25):

f= I:Bl(ﬂo’ 70)0-T_N1 (:Bos 70):|2+ [Bz(ﬂos 70)O-T_N2(ﬂ0’ 70)]2

=101 (B, 72)/ (L7 (B +00L 1)/ = £ (B 7 )/ AT +LF (B 704000 1= £ (s 1)/ T |

To guarantee the precision of the solution, verification is needed to see if |[f|<¢ is
satisfied, where ¢ is a small specified quantity. If |f]<¢ is not satisfied, the assumed
initial §, should be modified as f=£,-A/f(,+0.01,7,)-f(B0,70)]/(0.01p,) and the assumed
initial y, should be modified as y=y0-A[f(B,,y0,+0.01)-f(B0,75)]/(0.01y,).

After |f]<c is satisfied, the solution for plastic zones of the cracked horizontal brace
is complete. Then, the output of § and y can be input into Equation (26) to determine
the CTOD. If the crack growth condition is satisfied when the CTOD extends to the
critical CTOD, the solution for stationary crack is done, or else the tension load input
should be modified as 7=T7+dT.

The output of calculations of the stationary crack may be used to start the solution
for crack growth. When the parameter of y which marks the beginning of compressive
plastic zone of the cracked section of horizontal brace equal &, modify the angle of crack
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a.as a=a+dato solve the new characteristics of the cracked section following Equations
(24), (25) and (29) until the compressive plastic zone appears. Similarly, modify the
angle of crack as a=a+da following Equations (24), (25) and (30) until the cracked
section is in full plastic (f=y). Thus, the solutions of the mechanical characteristics of
semi-submersible platform’s horizontal brace having a circumferential through-crack
at the boundary are obtained and the detailed process is shown in Figure 4.

EXAMPLES

To illustrate the previous model with some examples, a typical semi-submersible
platform with circumferential through-crack at the boundary between the horizontal
brace and column is selected with parameters of the horizontal brace including the
radius R=0.915m, thickness h=0.0308m, Poisson’s ratio u=0.3, Young’s Modulus
E=210GPa and yield stress of the material o =400MPa.

As shown in Figure5, a crack angle has been chosen as a=m/6 to analyze the
characteristic variation of stationary crack. The CTOD on the circumferential through-
cracked section increase smoothly when the horizontal brace of the semi-submersible
platform is subjected to small tension loads and increases sharply when subjected to
larger tensions (Figure 5a). The elastic zone of the horizontal brace’s cracked section,
whose variation tendency is contrary to the variation tendency of plastic zone (Figure
Sa), decrease with the tension load until the cracked section is in the full plastic

condition.
10 =
§ 3=/t
; a=m/ 525
-~ 5 2
Es T
E 15
Q %]
Q4 g1
G w05
2 e |(h)
v 0 &
(1) 3
0 " " Q 0 10 20 30 40 50 60
0 10 20 0 0 50 Tension(10°N)
Tension{10°N) W plastic zone 0 elastic zone

Fig. 5 (a) variation of the CTOD on the cracked section with different tension loads; (b) zones of the
cracked section’s variation tendency with tension

The relationship between tension and crack growth where P, indicates the initial
angle of the crack, P, indicates the point crack growth started and P, indicates ultimate
carrying capacity of the horizontal brace, as shown in Figure 6a, applied the full range
of fracture from stationary crack to plastic collapse. The angle of the circumferential
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through-crack remains unchanged with tension load increase until crack growth started

and the crack propagate quickly after the carrying capacity of horizontal brace reaches
the ultimate load.

60 g0 , --trackinitiation load —ultimate load 60 -~trackiinitiation load —ultimate load
50
50 50 F3
2 P, 2 g
20 L4 $40 y- * * + —
t < ) -ogp=2e=t
‘3'35 P ESD 2 e il
20 1 B dnl ..a
: : ot
R Ry 10
(W |p, (o)
0 0 0
0 04 08 12 16 2 24 28 32 05 1 15 2 25 3 35
afrad) CTODc(mm|
] 60
0 - ~trackinitiation load  —ultimate load " - ~grack initiation load —ultimate load
2 2 2
g —— 3§ s —
d hJ d
c3
§3m E H .
g2 | kor--k---- L P GRRETEEEEE i g g pommmees bommmmns, dmosssss S
¢ g1 §
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Fig. 6 (a) relationship between tension load and crack growth; (b) crack initiation load and ultimate load
under different initial angles of the circumferential through-crack; (c) crack initiation load and ultimate
load under different critical crack tip opening displacement; (d) crack initiation load and ultimate load
under different critical crack tip opening angle; (e) crack initiation load and ultimate load under different
yield stress of the material; (f) crack initiation load and ultimate load under different Young’s Modulus of
the material

Also, the crack initiation load where crack growth started and the ultimate load
under different initial angles and material parameters of the horizontal brace including
critical tip opening displacement (CTODc), critical tip opening angle (CTOAc), yield
stress and Young’s Modulus are shown from Figure 6b to Figure 6f. Both the crack
initiation load and the ultimate load of the horizontal brace decrease with the initial
angle of the circumferential through-crack, as shown in Figure 6b, because the initial
angle had the value of bearing area of the cracked section of the horizontal brace. The
crack initiation load increase with the critical crack tip displacement while the ultimate
load remains almost the same, as shown in Figure 6¢. Contrary to the variation of
crack initiation load and ultimate load under different critical crack tip displacement,
as shown in Figure 6d, the crack initiation load remains almost the same while the
ultimate load increases with the critical crack tip angle. Both the crack initiation load
and ultimate load are larger when the material has a bigger yield stress, as shown
Figure 6e. Additionally, the Young’s Modulus of the material has little effect on the
crack initiation load and ultimate load of the horizontal brace with a circumferential
through-crack at the boundary, as shown in Figure 6f.
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CONCLUSIONS

(1) The crack tip opening displacement as well as the plastic zone of the cracked section
increase smoothly when the horizontal brace is subjected to small tension while
it increases sharply when loaded with larger tensions. The elastic zone whose
variation tendency is contrary to the variation tendency of plastic zone decreases
with the tension load until the cracked section is in the full plastic condition.

(2) The angle of the crack remain unchanged with tension increase until crack growth
started and the crack propagate quickly after the carrying capacity of horizontal
brace reaches the ultimate load.

(3) The crack initiation load and the ultimate load vary dramatically with the initial angles
and yield stress compared with critical CTOD, critical CTOA and Young’s Modulus.
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