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ABSTRACT

The novel transient dynamic vibration model of pump-turbine’s shaft system considers 
nonlinear seal fluid forces, in addition to the coupled effects of unbalanced magnetic 
pull (UMP), guide bearing force, unbalanced mass force and hydraulic force. The 
calculations are based on the finite element method (FEM) and Lagrange equation. Node 
automation division method (NADM) is developed in-house for quick and accurate 
node division. The differential equations of motion and the dynamic response of the 
unit are resolved by implicit Newmark method. The nonlinear dynamic characteristics 
of crown seal force and UMP are researched. The transient and steady lateral vibrations 
of three bearings are also analyzed using the periodic response diagrams, steady axis 
orbits and waterfall diagrams. The calculated results demonstrate that the mounted 
eccentricity, crown seal channel clearance and air-gap length have significant effects 
on the dynamic vibration of the shaft system. When the mounted eccentricity is 0mm, 
clearance of crown seal is 3mm, air-gap length is 35mm, the stability of the system is 
the highest. Both quantitative and qualitative results are relevant for engineering use 
in pump-turbine’s shaft system design.

Keywords: Finite element method (FEM); Newmark method; node automation 
division method (NADM); transient nonlinear seal forces.

NOMENCLATURE

b Clearance of Crown Seal

e Eccentricity Ratio

em Mounted eccentricity

f Frequency

g Gravitational Acceleration
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Ij Excitation Current

kj Fundamental MMF Coefficient

l Length of Crown Seal

L Length of Generator Rotor

P Pressure in Crown Seal

Pinlet Inlet Pressure of Crown Seal

Poutlet Outlet Pressure of Crown Seal

Q Generalized Forces

Qf Flow in Crown Seal

r Radius of Crown Seal

R Radius of Generator Rotor

T Kinetic Energy

U Independent Generalized Coordinates

V Strain Energy

x x-direction in Cross Section

y y-direction in Cross Section

z Axial Direction

δ Eccentric Distance

δ0 Air-gap Length

∆p Pressure Drop in Crown Seal

ε Relative Eccentricity

θ Rotation Angle

λ Friction Factor

μ Flow Coefficient of Crown Seal

μ0 Air Permeanceρ Density

Ω Rotor Speed

Ωrated Rated Rotor Speed

Subscript

BS Band Seal Force

CS Crown Seal Force
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e Elastic Shaft Element

g Generator Rotor

i ith Channel

LGB Lower Guide Bearing Force

r Runner

TGB Turbine Guide Bearing Force

UGB Upper Guide Bearing Force

UH Unbalance Hydraulic Force

UM_Rotor Unbalance Mass Force of Generator Rotor

UM_Runner Unbalance Mass Force of Runner

INTRODUCTION

The vibration state of pump-turbine’s shaft system not only affects the units work 
efficiency, but also affects the life span of the units. An excessive vibration can 
cause fatigue damage to the rotating machinery and or cause a catastrophic damage 
(Muszynska, 2005). In view of this, an accurate dynamic vibration model of pump-
turbine’s shaft system is essential. In fact, the rotor vibration model responses to a 
variety of factors, such as bearing effect, generator’s rotor electromagnetic force, 
turbine runner’s unbalanced force etc. In order to accurately predict the vibration 
status of pump-turbine’s shaft system, the combined effect of various factors must be 
taken into consideration.

Many researchers have made a lot of material contribution to the improvement of 
the sealing model. The finite-length method proposed by Childs (1983), was widely 
applied to calculate the annular fluid seal force in the rotor-bearing-seal system. The 
two-control-volume analysis for the rotor dynamics’ coefficients of labyrinth seals 
presented by Wyssmann et al. (1984) and Scharrer (1988), was used as a theoretical 
foundation for calculating dynamic characteristics of the complex seal structures. The 
computational fluid dynamics (CFD) software was used to calculate the coefficients 
and internal flow state of the labyrinth seals. Yan et al. (2011) selected a range of 
step height-to-clearance ratios and step axial position-to-pitch ratios to numerically 
investigate the influence of the sealing clearance and step geometries on the leakage 
flow and heat transfer coefficients of stepped labyrinth seals. Li et al. (2009) applied 
the numerical simulations for investigating the sealing performance and flow pattern 
of brush seals, and found that the brush seals displayed better leakage performance 
than the referenced labyrinth seal on the condition of zero clearance size.

The effects of the guide bearings and UMP were also researched in the past. The 
new form of the Reynolds equation, which contained the film thickness, the squeeze 
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motion of the journal and the rotation motion of the pad, was derived by Peng et al. 
(2007). Based on the equation, the dynamic features of water guide bearing used in 
the Gezhouba 10 F hydro-generator unit were numerically researched. Simmons et al. 
(2014) experimentally researched the steady state and dynamic characteristics of the 
guide bearings by varying the oil film thickness, pad loading and the oil temperature. 
Concerning the UMP, Peters et al. (2007) calculated the UMP of a hydropower 
generator with 20% static eccentricity for various no-load voltages and loads and 
discovered that there was a close relationship between the UMP and saturation. Guo et 
al. (2002) theoretically calculated the UMP in a three-phase generator under no-load, 
and derived the analytical expression for the UMP. The research results illustrated that 
UMP played an important role on the vibration characteristics of the rotor system.

The recent background researches on the shaft’s vibrations are the following. The 
shaft models of the pump-turbine and the hydraulic turbine are very similar. De Jaeger 
et al. (1994) proposed a nonlinear dynamic model of hydro turbines and demonstrated 
that the simulation results of the model had the accuracy as high as the load rejections. 
Feng & Chu (2001) established a model of a large water-turbine generator set, the 
critical speed and vibration modes by the RTMM were calculated. The lateral vibration 
model including the effects of rotor geometry, guide bearing forces and magnetic 
forces, and so on was presented by Bettig & Han (1999); it was inaccurate due to the 
defects of the guide bearing model. Xu et al. (2011) and Xu & Li (2012) put forward 
a brief and practical database method to model the guide bearing. Bai et al. (2012) 
calculated the multiple critical speeds and modal vibration shapes of a hydro-turbine’s 
rotor system using ANSYS software, and pointed out that gyroscopic effect should be 
considered to ensure the accuracy of the calculation. Lai et al. (2012) researched the 
influences of the guide bearing with varying support stiffness on the lateral vibration’s 
characteristics of a Francis turbine generator unit.

In present work, the shaft system vibration model of pump-turbine is improved. 
Previous models of hydraulic turbine units included the three guide bearing forces, 
unbalanced magnetic pull, hydraulic force and unbalanced forces. However, another 
important factor, the nonlinear sealing force, was completely ignored in the calculation 
process. Gong et al. (2013, 2014) found that the sealing affects the stability of the 
hydraulic turbine system and pointed out that the sealing force should be taken into 
account when solving the dynamic characteristics of hydraulic turbine shaft system.

In this paper, a novel transient vibration model of pump-turbine’s shaft system is 
established based on the FEM. This model accounts the UMP, guide bearings forces, 
three-channel sealing force, Muszynska nonlinear fluid force and unbalanced forces. 
The nonlinear relationships between crown seal force and UMP with related parameters 
are researched. The NADM is also applied to ensure that the finite element nodes are 
divided quickly and accurately. The implicit Newmark numerical method is adopted 
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to determine the vibration state. The transient and steady vibration characteristics of a 
pump-turbine’s shaft system at the positions of three guide bearings are presented.

MODEL OF THE PUMP-TURBINE’S SHAFT SYSTEM

The simplified model of the pump-turbine’s shaft system is shown in Figure 1. In fact, 
the pump-turbine is a complicated coupled system including multiple components 
and it is difficult and unnecessary to take all factors into consideration; then the 
original model is simplified. The dynamic lateral vibration state of the pump-turbine’s 
shaft system is mainly determined by the coupling effects of guide bearings, rotor of 
generator, runner and the seal structures described below.

Fig. 1. Simplified model of pump-turbine’s shaft system

The generator’s rotor and the runner, are replaced by the lumped mass points with 
the moment of inertia. The guide bearing force and sealing fluids force also act on 
these lumped points. The first guide bearing force acting on the rotor system is FUGB, 
which is followed by FLGB and FTGB in the axial direction. The forces acting on the 
lumped points of generator’s rotor are UMP and FUM_Rotor, and the forces acting on the 
lumped points of the runner are FUH and FUM_Runner. The sealing fluids’ forces of the 
crown seal with the three-channel structure and the band seal are FCS and FBS.



133 Wen-Jie Zhou, Xue-Song Wei, Guang-Kuan Wu, Wan-Jiang Liu and Le-Qin Wang

COMPONENT MODELS AND SYSTEM MOTION EQUATIONS

The pump-turbine’s shaft system has a multi-degree of freedom and is a non-
conservative system. The FEM and the Lagrange equation solve the motion equations 
of the system. A combination of FEM and NADM is a precise instrument for numerical 
calculation of the current model. The concrete steps of NADM are summarized below 
(see Figure 5 for reference):

Step 1: Completing the shaft node division based on maximum node spacing, and 
sorting the node numbers from the generator shaft’s top end to the pump’s bottom 
end.

Step 2: Inserting the generator rotor and runner nodes, and rearranging the previous 
node numbers according to the position on the shaft.

Step 3: Saving the new node locations of the shaft assembly.

Step 4: Inserting the three guide bearing nodes, and rearranging the node numbers 
including the new nodes and saving the new node locations.

Step 5: Inserting the crown node and the band node, rearranging the node numbers 
and saving the node locations containing all the components.

In addition to automation, the NADM is modular, i.e. the node numbers are 
automatically divided according to the components that were included.

Model of generator rotor, runner and pump-turbine shaft

The modeling process of generator rotor, runner and pump-turbine shaft is similar to 
modeling of multistage rotor system (Zhou et al., 2014). The Lagrange equation of 
non-conservative system is described as follows:

                                                                           (1)

The generator’s rotor degrees of freedom (DOF) contain two translational 
displacements: x, y; and two rotational displacements: θx, θy, therefore

The strain energy of generator’s rotor is ignored and the kinetic energy is expressed 
as following:

                               (2)

The motion equations of generator’s rotor are obtained by substituting the Equation 
(2) into the equation (1):
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(3)

The modeling process of a runner is the same as for the generator’s rotor. The 
motion equations of the runner:

                                               (4)

Figure 2 shows the elastic shaft element of pump-turbine shaft containing two 
endpoints A and B. The generalized coordinates are defined:

In fact, the generalized coordinates of A and B are expressed by these two endpoints. 
The kinetic energy and strain energy of the element is calculated by integrating over 
the length of the element:

               (5)

                                        (6)

The motion equations of the elastic shaft element is obtained by substituting 
Equations (5) and (6) into Equation (1):

                                         (7)

Fig. 2. Elastic shaft element
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Model of the crown seal and the band seal

Three-channel sealing structure is often used in crown seal because of its good sealing 
characteristics. Figure 3(a) and Figure 3(b) show the unilateral shaft section and a 
cross section of the three-channel sealing structure, respectively.

                                   (a)                                                               (b)

Fig. 3. Three-channel sealing structure

From the Figure 3, it is seen that when the rotation parts offset δ to the right, the 
clearance size of the first and third channel reduces, and, on the contrary, the clearance 
size of the second channel increases. Actually, the pressure drop in each channel is not 
only related to the offset value, but also to the circumferential angle. The function of 
pressure drop in each channel is given as follows (Wang et al., 2011):

                       (8)

The flow coefficient for all channels:

                                       (9)

Adding the pressure drop in each channel and combining the Equation (8) with 
Equation (9), gives:

                              (10)

According to the Equations (8) and (10), the pressure drop in each channel is 
expressed as the function of δ and θ:
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(11)

Furthermore, the pressure in each channel is described as follows:

                          (12)

Taking the δ as an independent variable, the force in each channel is calculated 
through computing an integral over the length of the channel:

                                     (13)

Therefore, the total crown sealing force with three-channel structure is:

                               (14)

The Muszynska nonlinear seal force model is commonly used for the band seal. 
Muszynska (1988) and Muszynska & Bently (1990) proposed a classic nonlinear seal 
fluid dynamic force model, regarding the circulating velocity as the key factor of 
the stability in the seal structure. The model has been widely used to describe the 
nonlinear characteristic of the seal force and it is expressed as follows:

  (15)

Where the values of Kbs, γ and Cbs (the nonlinear function of disturbance 
displacement) present the obvious nonlinear characteristics. The coefficient values 
and calculating process are given by Gong et al. (2013).

Model of other components

According to the calculating method of UMP proposed by Guo et al. (2002), the 
unbalance magnetic pull would be produced when the clearance between the rotor 
and stator is not homogeneous. The generator pole numbers in pump-turbine are 
always larger than 3, therefore the UMP is evaluated approximately by the following 
formula:

                                                            (16)
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Where

                                                            (17)

The upper, lower and turbine guide bearings, are another important factor 
influencing the lateral vibration characteristics. In this paper, the stiffness of the guide 
bearings is set to 1×109. The effect of unbalanced hydraulic force is reduced to the 
constant hydraulic force and the periodic hydraulic force. The former is a constant 
value in a fixed direction, and the latter is a periodic changes due to changing of the 
rotor speed and the runner rotating moment.

Motion equations of pump-turbine’s shaft system

Combining the motion equations of the elastic shaft element, generator’s rotor and the 
runner, the motion equation of pump-turbine’s shaft system is obtained (Zhong et al., 
1987):

                               (18)

Where

In fact, the external forces, Q1 and Q2, are mainly caused by the unbalanced 
mass of generator’s rotor and the runner. The above motion equation is improved 
by considering the guide bearing force, UMP, crown seal and band seal forces, etc. 
Therefore, the motion Equation (18) is read:

 (19)

Simplifying the above motion equation gives:

The most simplified motion equation of pump-turbine’s shaft system is described 
in the following form:

                                     (20)
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CALCULATING METHOD OF THE MOTION EQUATION

The scale of motion equation is associated with the node numbers, which means 
the solving difficulty and time will increase as the numbers of node increase. For 
the nonlinear equations, the unconditional convergence Newmark implicit integral 
method, which can obtain better precision and computing speed, is applied to solve 
the dynamic lateral vibration of a pump-turbine’s shaft system. The iterative form of 
the Newmark implicit method is shown below (Gong et al., 2014):

          (21)

                           (22)

                                      (23)

Where

From the iterative form, it is seen that the displacement, velocity and acceleration 
at  is calculated, if only the corresponding values from the previous time step are 
given. In fact, some external forces on the shaft system, such as the FBS and UMP, are 
determined by their nodes displacement and velocity. Thus, the internal loop iterations 
are adopted to solve this problem. The solving process for concrete dynamic lateral 
vibration of the pump-turbine’s shaft system is shown in Figure 4. 

Fig. 4. Flow chart of dynamic lateral vibration solving process
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In the present research, a pump-turbine pumped storage units is adopted. The CAD 
model of this pump-turbine rotor system is shown in Figure 5(a), the corresponding 
finite element model and node numbers are shown in Figure 5(b). The shaft system is 
divided into 15 nodes and 14 sections. The nonlinear forces from the crown seal and 
band seal are imposed on the node 12 and node 15, respectively. The main parameters 
of each shaft section are listed in Table 1. The calculating coefficients of the band seal 
are in accordance with Gong et al. (2013) and the other main parameters used in the 
calculation are listed in Table 2.

                                   (a)                                                               (b)

Fig. 5. The real model (a) and the finite element model (b) of the pump-turbine’s shaft system, 
where nodes with corresponding numbers are referred to: 1 - generator’s upper shaft end; 2 - 
upper guide bearing; 3 - upper generator’s coupling; 4 generator’s rotor; 5 - lower generator’s 

coupling; 6 - lower guide bearing; 7 - generator’s lower shaft; 8 - coupling from the generator’s 
shaft side; 9 - coupling from the runner’s shaft side; 10 - runner’s upper shaft; 11 - turbine guide 

bearing; 12 - crown seal; 14 - runner; 15 - band seal
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Table 1. Main parameters of each shaft section

No. of
section

Section length
(mm)

Inside diameter
(mm)

Outside diameter
(mm)

Section mass
(kg)

1 2890 690 1000 9275.4

2 2190 1070 2160 47234.3

3 4440 314 1150 33290.1

4 1020 314 1900 21941.5

5 6920 314 1150 51884.5

Table 2. Main parameters of other components

mg (kg) 344000 r1 (m) 1.71 Pinlet (kPa) 1500

mr (kg) 55000 r2 (m) 1.74 Poutlet (kPa) 1000

eg (m) 0.0001 r3 (m) 1.77 μ0 4*π*10-7

er (m) 0.0001 b1 (m) 0.002 Ij (A) 1824.1

l1 (m) 0.007 b2 (m) 0.002 δ0 (m) 0.035

l2 (m) 0.007 b3 (m) 0.002 R (m) 3.75

l3 (m) 0.007 g (m/s2) 9.8 L (m) 2.12

Ωrated (r/min) 250

NUMERICAL RESULTS AND DISCUSSIONS

The dynamic lateral vibration characteristics of pump-turbine’s shaft system were 
researched. Figure 6 shows the dynamic relationship of FCS with eccentricity ratio in 
different channel clearance and channel length. It can be seen that FUS increases with 
the increase of eccentricity ratio and channel length, especially for the higher values. 
However, the larger channel clearance will cause smaller FCS.

                                         (a)                                                      (b)

Fig. 6. The change of FCS with eccentricity ratio and (a) channel clearance, (b) channel length
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                                    (a)                                                         (b)

Fig. 7. The change of UMP with eccentricity ratio and (a) air-gap length, (b) excitation current

The impact of air-gap length and excitation current on UMP is shown on Figure 7. 
Like the effect of channel’s clearance and length on FUS, the narrower air-gap length 
and higher excitation current cause larger UPM, which increases as eccentricity ratio 
increases. More importantly, from Figure 6 and Figure 7, it is seen that the changes of 
FCS and UMP present nonlinear trends in the change of related parameters.

Effect of the mounted eccentricity

In order to research the effects of the mounted eccentricity on the transient and steady 
vibration responses of the pump-turbine, three different mounted eccentricities of 
0 mm, 0.1 mm and 0.2 mm were chosen. Figure 8 presents the transient periodic 
response of upper, lower and turbine bearings in x- and y-directions for the different 
mounted eccentricities.

The major discovery is that the vibration amplitudes in x-direction gradually decay 
to a certain value irrelevant to the mounted eccentricity changes, but the vibration 
amplitudes in y-direction reach local maximum and approach to a stable value. The 
vibration amplitudes in x-direction are larger than those in y-direction for the same 
mounted eccentricity. The number of periods required to enter into the stable state are 
nearly 200, 300 and 350 as the mounted eccentricity increases from 0 to 2 mm. This 
fact illustrates that the smaller mounted eccentricity is advantageous to the system’s 
stability.

(a) em = 0mm, b = 2mm, δ0 = 35mm
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(b) em 
= 0.1mm, b = 2mm, δ0 

= 35mm

(c) em 
= 0.2mm, b = 2mm, δ0 

= 35mm

Fig. 8. The transient cycle response of three bearings with different mounted eccentricity

Figure 9 represents the stable axis orbits of three bearings for the different mounted 
eccentricity. The final stable axis orbits of the shaft system are the same, although the 
mounted eccentricities were different. But the stable vibration amplitude of the turbine 
bearing is larger than these for the upper and lower bearings. Therefore, the mounted 
eccentricity only affects the transient vibration state and don’t affect the final steady 
vibration state.

Fig. 9. The axis orbits of three bearings with different mounted eccentricity

It is evident from Figure 10 that there exists a component with frequency higher 
than the rotation frequency. The value of high frequency component grows as the 
mounted eccentricity increases. Compared with the synchronous vibration components 
of upper and lower bearings, the value of turbine bearing is obviously larger because 
the effect of thrust bearing is neglected. The high frequency component values in 
x-direction are larger than these in y-direction.
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(a) In x-direction

(b) In y-direction

Fig. 10. The waterfall diagrams of three bearings with different mounted eccentricity

Effect of the channel clearance of crown seal

The effect of crown seal channel clearance on the vibration response of pump hydraulic 
turbine was also researched for three different clearances from 1 mm to 3 mm. Figure 
11 presents the transient periodic response of three bearings in x- and y-direction for 
different crown seal channel clearance. Combining Figure 7(a) with Figure 11, it is 
seen that the vibration amplitudes in x- and y-direction both decrease as the periodic 
response times increase, and achieve a stable state. The stable values are little different 
for different channel clearance. Also the vibration values in both directions decay 
faster for larger channel clearance because the nonlinear crown sealing force weakens 
as the channel clearance increases.

(a) em 
= 0mm, b = 1mm, δ0 

= 35mm
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(b) em 
= 0mm, b = 3mm, δ0 

= 35mm

Fig. 11. The transient cycle response of three bearings with different crown seal channel clearances

In Figure 12, the stable state axis orbit vibration amplitude of the shaft system at 
b = 1mm is significantly larger than for 2 and 3 mm. The axis orbits at b = 2mm and 
b = 3mm are nearly overlap. The main reason accounting for this phenomenon is that 
the FCS at b = 1mm is larger than these at 2mm and 3mm (as shown in Figure 6). Thus, 
the nonlinear sealing force has a notable influence on the dynamic vibration response 
of shaft system.

Fig. 12. The axis orbits of three bearings with different crown seal channel clearances

Figure 13 represents the waterfall diagrams of three bearings with different channel 
clearances in x-direction. The difference between the mounted eccentricity is in fact 
that there is just one isolated synchronous vibration component; in contrast, the value 
of high frequency component is very small. The similar frequency components are 
also present in the waterfall diagrams for y-direction. These calculated results are 
consistent with the Gong et al. (2013).

Fig. 13. The waterfall diagrams of three bearings with different crown seal channel clearances in x-direction
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Effect of the air-gap length

The effect of the air-gap length on the system lateral vibration is also obvious. In 
order to research the effect, three different air-gap lengths ranging from 15 mm to 35 
mm were chosen. Figure 14 shows the transient periodic response of three bearings 
in x-direction and y-direction with different air-gap length. The different air-gap 
length affects the vibration characteristics of the shaft system. For δ0 = 15mm, i.e. 
bigger UMP, the transient response decays from the distorted form, when the air-gap 
length increases to 25 mm. Therefore, UMP also plays significant role in the dynamic 
vibration of pump-turbine’s shaft system.

(a) em 
= 0mm, b = 2mm, δ0 

= 15mm

(b) em 
= 0mm, b = 2mm, δ0 

= 25mm

Fig. 14. The transient cycle response of three bearings to the air-gap length

The axis orbits of the upper and lower bearings (Figure 15) are similar to ones 
obtained for the different channel clearances. The smaller air-gap length correlates to 
the larger vibration amplitude. But the axis orbit of turbine’s bearing remains almost 
unchanged as the air-gap length changes. This implies that the influences of UMP 
on upper bearing and lower bearing are more obvious than on the turbine bearing. In 
addition, all central points of the orbits are located not in the coordinate origin, which 
is also consistent with the actual operation situation.
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Fig. 15. The axis orbits of three bearings with different air-gap length

The vibration frequencies of three bearings with different air-gap length also 
contain a high frequency component and a synchronous vibration component. The 
changing trend of the vibration frequencies is similar to the channel clearance case.

CONCLUSIONS

The dynamic lateral vibration, including the transient vibration state and steady 
vibration state, of the pump-turbine’s shaft system was studied in this article. The 
contribution of the current work can be described with the following highlights:

Crown seal force presents nonlinear changing trend with the change of channel (1) 
clearance and channel length. UMP presents nonlinear changing trend with the 
change of air-gap length and excitation current, especially in the condition of 
large eccentricity ratio.

The mounted eccentricity only affects the transient vibration state and does not (2) 
affect the final steady vibration state. The stability of the shaft system decreases 
with the increase of the mounted eccentricity.

The vibration amplitude of the system is obviously larger for e = 1 mm or (3) δ0 = 15 
mm, which facilitates the idea that the nonlinear FCS and UMP are important to 
lateral vibration of the pump-turbine’s shaft system. 

The novel model proposed in this paper proves that the nonlinear sealing force 
should be taken into consideration in dynamic vibration of pump-turbine’s shaft 
system.
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