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ABSTRACT
Hollow structures are widely used in industry for their high bearing capacity. In some engineering cases, these 

structures are always subjected to complicated non-uniform external loads. For example, bored (foundation) Piles 
steel casing and steel casing used for oil production are subjected to non-uniform ground stresses. In this study, a 
generalized closed-form mathematical solution for stress analysis of hollow cylinder under non-uniform external 
load was derived. The common non-uniform external load was decomposed by Fourier series under the principle 
of superposition by theory of elasticity. Analytical solutions for stress results of sine or cosine series external load 
problems were obtained by the semi-inverse method. A baseline analysis of a steel casing under non-uniform ground 
stress was presented using the proposed analytical method. And the finite element model by ABAQUS was used to 
compare and validate the results. A parametric analysis was conducted finally to discuss the effects of non-uniform 
coefficients on the stress results. Results show that the hollow cylinder structure’s anti-collapse capacity will heavily 
decrease when the non-uniform coefficient increases. This proposed analytical model can be referenced in strength 
verification of hollow cylinder structures in engineering practice.

Keywords: hollow cylinder; non-uniform external pressure; stress analysis; analytical method; engineering 
application.

0 INTRODUCTION
Hollow cylinder structure is a typical basic structure widely used in mining, water resources and hydropower, 

nuclear power, chemical, manufacture and petroleum industries, and Foundation (Bored) Piling. Fig. 1 (a) and Fig. 1 
(b) show the casing used in petroleum engineering and the shield machine used for tunneling engineering.

                                                       (a)                                                 (b)

Fig. 1. Hollow cylinder structures used in industry.
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    Under external load, hollow cylinders may experience large stress leading to potential strength failure or large 
deformation leading potential collapse failure. For hollow cylinder structures that are mainly key bearing components 
in the industry, stress and deformation of hollow cylinder structure subjected to different loads gained the attention 
of both researchers and engineers. In this study, an effort was put to develop an analytical stress analysis method of 
general hollow cylinder structures under environmental loads, especially non-uniform pressure loads, based on theory 
of elasticity. Non-uniform external loads were decomposed by Fourier series according to superposition principle. 
Suitable stress functions were adopted in the semi-inverse method in order to calculate the analytical results for hoop, 
radial, and axial stresses, respectively. Based on the von Mises stress criteria, strength analysis method was established 
for hollow cylinder structure under non-uniform external load. Finally a baseline analysis was conducted for steel 
casing under non-uniform ground stress, and effects of non-uniform coefficient on the stress results were discussed. 
The presented study can be referenced in the strength analysis and safety evaluation of hollow cylinder structures in 
engineering practice.

1 LITERATURE REVIEW
Intensive researches on mechanical analysis of the hollow cylinder structures have been conducted previously. A 

typical stress analytical solution for the circular cylinder structure is the famous lame solution for axisymmetric loads 
(Liu D. et al., 1992). 

Liang et al. (2008) focused on the analytical stress results for spatially axisymmetric thick-walled cylinder under 
linear varying pressure in the axial direction. Naumenko et al. (2009) analyzed the hollow cylindrical section’s stress 
state by considering the effects induced by steady-state creep. Boyle (2012) derived the analytical stress results for 
hollow cylinder based on von Mises yield criteria. It can be summarized that they are all focusing on circumferential 
uniform external load.

However, the hollow cylinder structures are always subjected to unsymmetrical external loads in actual 
engineering, for example, the shaft lining in mining, circular tunnel in civil engineering projects, and the oil steel 
casing in petroleum engineering. The non-uniform loads are mainly caused by the anisotropy of the rocks and strata 
around these structures, the rock stratum movement, the initial geo stress field, etc. Green (1948) analyzed the stress 
results for the infinite plate with a circular hole, which can be considered as the pioneer work of stress analysis 
for the structure subjected to unsymmetrical external loads. Sternberg et al. (1949) also conducted some numerical 
analysis for similar problems with modified Ritz method. Zheng et al. (1998) studied the strength of the circular casing 
under non-uniform load induced by ground stress based on the stress function method. Wu Q. et al. (2011) proposed 
an analytical stress calculation model for a typical type of non-uniform pressure and solved by complex function 
method. Liu et al. (2006, 2009) also derived stress analytical results for the cylinder under the external load with an 
exponential type function distribution. Zhou Z. (2007) calculated the stress field and displacement field of the ideal 
casing under uniform and non-uniform external pressure, respectively, based on ANSYS. Yang et al. (2011) proposed 
an analytical model based on the thick cylinder plane stress theory of the stress calculation for the casing subjected 
to the internal and external pressure, temperature, and axial force. Wang Y.F. (2009) established the finite element 
model of the casing with abrasion defects and considered the coupling effects of thermal stress and external load. It 
is noted that the external pressures on the casing in papers of Yang (2011) and Wang Y.F. (2009) are both considered 
as uniform. Kampf-Sherf O. et al. (2012) discussed the effect of stress concentration caused by corrosion cavity on 
the casing strength and established the mathematical model that can obtain the stress concentration factor caused by 
corrosion cavity based on the knowledge of plastic-elasticity. Deng K.H. et al. (2016) put forward the conception of 
advance coefficient of plastic collapse of casing under non-uniform load based on the elastic theory and the new ISO 
collapse model, and established the new equations to compute casing collapse resistance under non-uniform load. 
Irawan S. et al. (2015) estimated casing burst strength after wear based on the finite element analysis and compared 
the different theoretical bursts pressure with the simulation results along with effect of different wear shaper on L-80 
casing material. Dong S.M. et al. (2015) established the elastic mechanical model of the combination composed of 
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casing-cement ring and the surrounding rock and discussed casing stress distribution in different injection-production 
cycle, combining with the thermal recovery routine parameters of a certain oilfield.

Nevertheless, the existing methods are all just suitable for a special kind of external load distribution. Less attention 
is paid to a more generalized method. To solve this scientific problem, a closed-form solution of the hollow cylinder 
stress analysis under general non-uniform external load was proposed in this study. Any non-uniform type external 
load is treated as a combination of uniform load, cosine series load, and sine series load, which makes a wider 
applicability of the presented method.

2 MATHEMATICAL SOLUTION FOR HOLLOW CYLINDER UNDER 
NON-UNIFORM EXTERNAL PRESSURE

2.1 Mechanical Model 

The hollow cylinder will encounter various kinds of load in actual working conditions, and the non-uniform 
external load is a typical form, which occurs in a variety of situations, e.g., casing under non-uniform ground stress. 
When the hollow circular is subjected to uniform internal pressure and non-uniform external pressure, the condition 
can be treated as plane strain case when neglecting the longitudinal strain, as shown in Fig. 2. 

Fig. 2. Sketch of hollow cylinder subjected to internal and non-uniform external pressure.

The research considered the elastic problem. Based on this assumption, the non-uniform external pressure applied 
on the hollow cylinder can be decomposed by Fourier series with the principle of superposition. A Fourier series is 
an expansion of a periodic function in terms of an infinite sum of sines and cosines. Fourier series make use of the 
orthogonality relationships of the sine and cosine functions. The computation and study of Fourier series are extremely 
useful as a way to break up an arbitrary periodic function into a set of simple terms that can be plugged in, solved 
individually, and then recombined to obtain the solution to the original problem or an approximation to it to whatever 
accuracy is desired or practical. Thus, for this study, the non-uniform load can be also expressed as follows.

                                                            
(1)
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where

                                                          

(2)

where P(θ) is non-uniform external load, a0 is constant in the Fourier series expansion, P0 is the constant component 
of the external , an and bn are expansion coefficients in the Fourier series expansion, n is the number of items needed 
for decomposition of the un-uniform external loads, and θ is the angle between the normal direction of the external 
load and the x-axis in the coordinate illustrated in Fig 2. 

Therefore, the internal and external pressure load can be decomposed into three kinds of loads: the uniform internal 
and external pressure, cosine series external pressure, and sine series external pressure. The total stress of hollow 
cylinder under non-uniform external pressure can be calculated by the superposition results of these three loads.

2.2 Solutions for uniform internal and external pressure problem

The uniform internal and external pressure problem of hollow cylinder are a classic problem in elastic mechanics, 
in which the hollow cylinder is free from shear stress on the edge (Lu M. 2001). The boundary conditions for this 
problem are as follows:

                                                                  
(3)

where a is the inner radius, b is the outer radius, P is the uniform internal pressure, P0 is the component of the 
uniform external pressure, σr is the radial stress, and τrθ is the shear stress.

The analytical solution can be directly obtained by Lame formula and Poisson’s ratio (Xu Z. 1990); namely,

                                                                      

(4)

where σrp is the radial stress for uniform external load, σθp is the hoop stress for uniform external load, σzp is the 
axial stress for uniform external load, τp is the shear stress for uniform external load, and v is Poisson’s ratio.

2.3 Solutions for cosine series external pressure problem

In this section, the closed-form solution for stress of hollow cylinder subjected to cosine series external load was 
proposed. When the cosine series load was applied, according to the boundary conditions, the stress function can be 
assumed 

                                                                                                (5)
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Taking this stress function into the bi-harmonic equation, the differential equation of stress function can be 
obtained as

                                                                 (6)

where  is stress function. 

The general solution of stress function can be obtained as follows:

                                                                     
(7)

It should be noted that the result for n=1 is applicable for wind load, which is not necessary to be considered in this 
paper. Thereby, taking the stress function for n≥2 into Equation (8),

                                                                                                                           

(8)

the stress components can be obtained as

             

(9)

where n is the number of the series, A, B, C, D are coefficients, σnrcos is the radial stress for cosines external load, 
σnθcos is the hoop stress for cosines external load, σnzcos is the axial stress for cosines external load, τnrθcos is the shear 
stress for cosines external load, and n is the number of items needed for decomposition of the un-uniform external 
loads

Then, substituting the boundary conditions below into Equations (9), 

                                                                                       
(10)

values of coefficients, A to D, can be determined as follows.
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              (11)

Thus, the stress of hollow cylinder under cosine series external pressure can be derived after substituting coefficients 
shown in Equation (11) into Equation (9).

2.4 Solutions for sine series external pressure problem

Similarly, the stress formula of hollow cylinder under sine series external pressure is assumed as follows.

                                                                                                                                (12)

Taking stress function into bi-harmonic Equation (6), the general solution of stress function considered in this 
study can be obtained as follows:

                                                                                    (13)

Then the stress components can be also derived:

           

(14)

According to the boundary conditions,

                                                                                          
(15)

Values of coefficients, A2 to D2, can also be determined as follows.

             

(16)



A closed-form solution for stress analysis of hollow cylinder structure under non-uniform external load and its engineering application78

where n is the number of the series, A2, B2, C2, D2 are coefficients, σnrsin is the radial stress for sine external load, 
σnθsin is the hoop stress for sine external load, σnzsin is the axial stress for sine external load, τnrθsin is the shear stress for 
sine external load, and n is the number of items needed for decomposition of the un-uniform external loads.

The stress for sine series external pressure will be obtained after substituting coefficients in Equation (16) into 
Equation (14).

2.5 Stress for general non-uniform external pressure

Superposing results of Equations (4), (9), and (14), stress components for hollow cylinder structure under a general 
non-uniform external pressure can be derived as follows.

                                                                                                 

(17)

2.6 von Mises yield criterion

Elastic buckling and plastic collapse failure will occur to the hollow cylinder structure under non-uniform external 
pressure. Related researches show that plastic buckling occurs when the diameter-thickness ratio is larger than 32 
(Li J. 2005). As the ratio for most of the existing steel casings is not more than 32, only the plastic collapse failure 
can possibly occur for these casings. For typical ductile steel materials, the von Mises yield criterion is suitable for 
yield recognition. Based on this criterion, the structure can be considered as yield if the peak second deviatoric stress 
invariant in the structure reaches a critical value, as shown in Equation (18). 

                    (18)

where J2 the second deviatoric stress invariant, σMises is von Mises stress, σij are the Cauchy stress tensor components, 
which can derived by Equation (16), and σs is the yield strength, which is 770MPa for P110 casing steel.

2.7 Solution algorithm

The solution algorithm of the presented method for hollow cylinder structure under non-uniform external load was 
illustrated in Fig. 3. 
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Fig. 3. Flow chart for the proposed mathematical method.

3 MODELLING HOLLOW CYLINDER SECTIONS USING FINITE 
ELEMENT METHOD

The finite element (FE) model used by Li J. (2005) was also adopted here to validate the accuracy of the propose 
model. General FE software package ABAQUS was utilized to establish the numerical model. In the FE model, 
four-node plane strain element CPE4 was selected to model the casing. The element number was set to be 400 after 
convergence and sensible analysis. An elastic material was used, as the mechanical problem is based on elastic 
assumption. A nonlinear static analysis was performed to solve this problem, with internal pressure and non-uniform 
external pressure being applied on the inner surface and outer surface, respectively.
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                 (a) Non uniform external load on hollow cylinder    (b) Mesh details by plane strain elements

Fig. 4. Finite element model for hollow cylinder under non-uniform external load.

4 CASE STUDY FOR CASING UNDER NON-UNIFORM GROUND STRESS

4.1 Baseline analysis for validation of the proposed analytical model

When a casing is subjected to non-uniform ground stress, it can be treated as a typical hollow cylinder under 
non-uniform external pressure. In this section, the effect of non-uniform external pressure on stress distribution in the 
hollow cylinder was analyzed with actual data of a casing in engineering. The distribution of creep external load of 
mudstone around the casing can be approximately expressed by a cosine function (Li J. 2005).

                                                                                         (19)

where σn is radial external ground creep pressure, MPa; θ is the maximum angle between ground stress and σn, °; 
and S1, S2 are conversion loads of ground stress, S1=1/2(σH+σh), S2=1/2(σH-σh), in which σH and σh are radial external 
creep pressure of casing in the direction of maximum and minimum ground stress, MPa.

According to Li J.’s (2005) investigation, some related parameters were derived as follows. When the well depth 
is 2000m, the creep load of casing under uniform ground stress can be considered as σH=σh=29.4MPa. To simulate 
different conditions of original ground stress, five non-uniform coefficients δ=σH/σh were selected, i.e., δ=1.1, 1.2, 1.3, 
1.4, and 1.5. The type of P110 casing pipe with the outer diameter of 177.8 mm and wall thickness of 13.72 mm was 
analyzed. Its elastic modulus is 210GPa, the Possion’s ratio is 0.26, and the yield strength is 770MPa. 

von Mises stress contours for δ= 1.5 derived by finite element method illustrated in Section 3 and the proposed 
analytical method were both illustrated in Fig. 5. The calculating code by MATLAB of the presented mathematical 
method was listed in the Appendix. The figure shows that both stress values and stress distribution are almost the same 
for the two methods, which proves that the proposed close-form analytical solution is accurate.
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                    a) Stress contour of FE model results (MPa)        b) Stress contour of proposed model (MPa)
Fig. 5. Mises stress distribution when δ=1.5 derived from ABAQUS and the proposed method.

4.2 Effects of the non-uniform coefficients on stress results

Parametric analysis was further conducted in this section to analyze the effects induced by the non-uniform 
coefficient. Table 1 shows the relationships of the maximum von Mises stress in the cylinder with the non-uniform 
coefficient δ, for both numerical and analytical results. It can be obtained that the two series of results are almost the 
same with each other. The maximum relative error between them for the five cases considered is only 1.16%, which 
is negligible in engineering application.

Table 1. Comparison of the maximum equivalent Mises stress in casing with various values of δ.

Non-uniform Coefficient 1.1 1.2 1.3 1.4 1.5

Mathematical solution 275.57 352.32 417.26 472.92 521.16

Finite element results 272.4 350.2 415.6 471.8 520

Relative error 1.16% 0.61% 0.40% 0.24% 0.22%

And with increase of δ, the maximum von Mises stress increases obviously, which makes the anti-collapse capacity 
of casing weakened. The von Mises distribution in the outer surface and the von Mises contours of cylinder under 
different non-uniform external pressure were also elaborated in Fig. 6 and Fig. 7, respectively, to analyze the structure 
performance in detail.

 

Fig. 6. von Mises stress distribution in the out surface with different non-uniform coefficients.
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From the contours, with increase of δ, large stress starts to concentrate in the inner surface at the top and inverse 
and the outer surface in the lateral from plane view. And the peak von Mises stress in the inner surface is larger than 
that of the outer surface. The von Mises stress distribution of outer surface in the circumferential direction in Fig 7 
shows the detailed stress values under different non-uniform coefficients. They are smaller than the maximum values 
shown in Fig. 5.

                     a) Stress contour of FE model results (MPa)        b) Stress contour of proposed model (MPa)

           

                     c) Stress contour of FE model results (MPa)        d) Stress contour of proposed model (MPa)

      

                     e) Stress contour of FE model results (MPa)        f) Stress contour of proposed model (MPa)

          

                     g) Stress contour of FE model results (MPa)        h) Stress contour of proposed model (MPa)

Fig. 7. Comparison results of the presented method and FE model results with various non-uniform coefficients.
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von Mises stresses were mainly induced by the principle stresses. For the shear stress in the presented mode that 
is relatively small, only the hoop, radial, and axial stress components were discussed here to find the main reason for 
the increase of von Mises stress induced by non-uniform coefficient. Fig. 8, 9, and 10 illustrate the radial, hoop, and 
axial stress distribution of the out surface of casing, respectively. It can be derived from these three figures that the 
radial stress has the smallest value among them. What is more, the non-uniformity of the radial stress is also the most 
inconspicuous one. The hoop stress and axial stress have similar distribution, while the axial stress value is about one-
third of the hoop stress, which is induced by Poisson’s ratio. Thus, the von Mises stress was mainly caused by the hoop 
stress, which explains that their stress distribution patterns are both highly non-uniform.

Fig. 8. Radial stress distribution in the outer surface with different values of δ.

Fig. 9. Hoop stress distribution in the outer surface with different values of δ.
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Fig. 10. Axial stress distribution in the outer surface with different values of δ.

5 CONCLUSIONS
Hollow cylinder type structures are widely adopted in industry. In actual engineering cases, the external load of 

these structures can be complicated. In the presented study, an explicit mathematical solution was derived for hollow 
cylinder under general non-uniform external load based on theory of elastic. Conclusions are drawn as follows:

Based on the principle of superposition, common non-uniformed external load can be decomposed into sine or 1. 
cosine series type external load problem, whose stress results can be solved using the semi-inverse method. 

Accuracy of the proposed closed-form solution was validated by comparing with finite element model results 2. 
solved by recognized general FEM software ABAQUS. For the steel casing problem considered in this study, the 
maximum error of the proposed mathematical method is only 1.16%.

The von Mises stress in the hollow cylinder under non-uniform load was mainly induced by the hoop stress. With 3. 
the increase of the non-uniform coefficient, the hoop stress increases obviously leading to the increasing of von 
Mises stress, which finally reduces the anti-collapse capacity of the structure.
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Appendix
Calculation program of the mathematical model coded by MATLAB for the case study described in in Section 4.1:

clc;clear;close all

% Parameter units

% Length unit: mm

% Pressure unit: MPa

% Internal pressure

P=0;

% The maximum ground stress

Sig1=29.4;

% The minimum ground stress

Sig2=29.4/1.5;

% The outer radius

b=177.8/2;

% The thickness

t=13.72;

% The inner radius

a=b-t;

% Possoin’s ratios

v=0.3;

P0=1/2*(Sig1+Sig2);

b2=1/2*(Sig1-Sig2);

A2=-((a^4*b^4*(a^2 + 3*b^2)*b2)/(6*(a^2 - 
b^2)^3));

B2=(a^2*b^2*(a^4 + a^2*b^2 + 2*b^4)*b2)/
(2*(a^2 - b^2)^3);

C2=-((b^2*(3*a^2 + b^2)*b2)/(6*(-a^2 + 
b^2)^3));

D2=(b^2*(2*a^4 + a^2*b^2 + b^4)*b2)/(2*(-
a^2 + b^2)^3);

n = 100;

r =linspace(a,b,n);

r=r’;

theta = pi*(-n:n)/n;

X = r*cos(theta+pi/2);

Y = r*sin(theta+pi/2);

sigr=zeros(size(Y));

sigt=zeros(size(Y));

sigr2=zeros(size(Y));

sigt2=zeros(size(Y));

tor2=zeros(size(Y));

for i=1:length(r)

for j=1:length(theta)

sigr(i,j)=a^2*b^2*(P-P0)/((a^2-b^2)*r(i)^2)-
(-a^2*P+b^2*P0)/(-a^2+b^2);
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sigt(i,j)=(a^2*P-b^2*P0)/(-a^2+b^2)-
a^2*b^2*(P-P0)/((a^2-b^2)*r(i)^2);

sigr2(i,j)=-((2*(3*A2 + 2*B2*r(i)^2 + 
D2*r(i)^4)*cos(2*theta(j)))/r(i)^4);

sigt2(i,j)=(2*D2 + (6*A2)/r(i)^4 + 
12*C2*r(i)^2)*cos(2*theta(j));

tor2(i,j)=2*r(i)^(-4)*sin(2*theta(j))*(-3*A2-
B2*r(i)^2+r(i)^4*(D2+C2*(1+2)*r(i)^2));

end

end

sigr=sigr+sigr2;

sigt=sigt+sigt2;

sigz=v*(sigr+sigt);

Mises=sqrt(1/2*((sigr-sigt).^2+(sigr-
sigz).^2+(sigt-sigz).^2+6*tor2.^2));

figure

pcolor(X,Y,Mises)

shading interp

colorbar

axis equal tight

caxis([0,500])

Maxmises=max(max(Mises))
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