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الخـلا�ضـة

تبحث هذه الورقة في م�صكلة الموقف الفو�صوي للمركبة الف�صائية مع الف�صل في بع�ض المحرك والتحكم 

ثلاثة  تاأثير  تحت  خطية  غير  معادلة  �صكل  في  مكتوب  الفو�صى  الف�صائية  المركبة  نظام  اأول،  المدخل.  في 

مدخلات.   

عند ف�صل محرك اأو اثنان، يمكن تكوين معادلة غير خطية تحت تاأثير مدخل واحد اأو مدخلين.

لتلبية متطلبات المهمة، يتم تنفيذ تخطيط الم�صار مقدما، ويمكن الح�صول على معادلة ديناميكية من خطاأ 

�سرعة الزاوية.  ثم، يتم دمج اأفكار التحكم في النزلق متكاملة في وحدة تحكم، والذي يتكون من ال�صيطرة 

اإنهاء واإنهاء ال�صيطرة. واأخيرا، يتم اإجراء عمليات المحاكاة لتقييم اأداء وحدة التحكم المقترحة. وت�صير نتائج 

المحاكاة اإلى اأن وحدة التحكم لها الخ�صائ�ض التالية: )اأ( الق�صاء على حركة الموقف الفو�صوية؛ )ب( النظر 

ال�سريح في القيود المفرو�صة على مدخلات التحكم؛ )ج( افترا�ض الموقف الزمني لتحقيق ال�صتقرار؛ )د( 

تتبع م�صار ال�سرعة الزاوية المرجعية الم�صممة في ال�صابق )هـ( النظر في ف�صل م�صغل معين، )و( المتانة لعزم 

دوران ا�صطراب خارجي اأكبر.
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ABSTRACT
This paper investigates the control problem of spacecraft chaotic attitude motion with certain 

actuator failure and control input constraint. First, the spacecraft chaotic attitude system is written 
in a nonlinear equation form of three inputs. When the failure of one actuator or failures of two 
actuators exist, it can be transformed into a nonlinear equation form of double input or single input, 
respectively. To satisfy task-requirement, trajectory planning is performed in advance, and the 
dynamics equation of angular velocity error can be obtained. Then, integral sliding mode ideas are 
incorporated into the controller, which consists of equivalent control term and switching control 
term. Finally, simulations are performed to assess the performance of the proposed controller. The 
simulation results indicate that the controller has the following characteristics: (a) elimination of 
chaotic attitude motion, (b) explicit consideration of control input constraint, (c) presupposition of 
attitude stabilization time, (d) track reference angular velocity trajectory designed in advance, (e) 
consideration of certain actuator failure, and (f) robustness to bigger external disturbance torque.

Keywords: Attitude system; actuator failure; chaotic motion; integral sliding mode; linear 
matrix inequality.

INTRODUCTION
As space technologies have developed and progressed, advanced space missions have put 

forward higher requirements for spacecraft attitude control system to ensure rapid and accurate 
response in the presense of certain actuator failure, control input constraint, and external 
disturbances. A significant challege arises when these issues are considered simultaneously. 
Particularly, the external disturbances often constituted of periodic and secular term; once the 
spacecraft properties and external disturbances imposed on it satisfy a certain condition, it can 
lead to chaotic attitude motion, which will cause great damage in the spacecraft. Consequently, the 
chaotic attitude control with certain actuator failure is extremely important in the space mission.

Many flight experiences across the world’s aerospace history have witnessed the spacecraft 
attitude motion with unexpected behaviors, which results from the external disturbances that 
had not been taken into consideration in the process of spacecraft design. Numerous theoretical 
researches have pointed out that spacecraft chaotic motion exists under the influence of different 
external disturbances (Beletsky et al., 1999; Meehan & Asokanthan, 2002; Aghababa & Aghababa, 
2013). Chen system (Lu & Chen, 2006) and Lu system (Lu, 2006) are two typical chaotic systems 
that the spacecraft attitude system may become. Classical chaotic control methods include 
adaptive control (Wei, 2015), sliding mode control (Ke et al., 2015), fuzzy logic control (Yau 
& Shieh, 2008), and linear matrix inequality technique (Kuntanapreeda, 2009). In recent years, 
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considerable efforts have been made to study the attitude stabilization control and fault-tolerant 
control of spacecraft during rotational maneuvers, and the theory of controller design has been 
developed in a variety of directions (Zhang & Jiang, 2008; Zolghadri, 2012; Zhang et al., 2014). 
The frequently used methods include H∞ control (Yang et al., 2001; Luo et al., 2005), adaptive 
control (Ma et al., 2015), feedback linearization (Wang & Wu, 2015), sliding mode control (Alwi 
et al., 2008), and linear matrix inequality technique (Liao et al., 2002). Among them, the sliding 
mode control strategy is acknowledged as an effective way to withstand the actuator failure 
and external disturbances, which has been widely used in aircraft or spacecraft attitude control 
systems. In the study of Alwi & Edwards (2008), a fault-tolerant sliding mode control scheme 
was proposed for the aircraft operating phase with an actuator failure, where it allowed control 
allocation. According to Xiao et al. (2012), an adaptive fault-tolerant sliding mode control scheme 
was developed for attitude tracking of flexible spacecraft with partial loss of actuator effectiveness, 
where neural networks were introduced to cope with system uncertainties, and online updating 
law was developed to estimate actuator failure bound. In the paper of Hu (2012), an adaptive 
sliding mode control scheme with L2 gain performance has been evaluated to perform attitude 
tracking control for flexible spacecraft with actuator failures, parameter uncertainties, and external 
disturbances. Utkin et al. (2009) pointed out that the system dynamics might be fragile to failures 
during the reaching phase. To cope with this problem, the idea of integral sliding mode control 
was presented (Utkin & Shi, 1996; Rubagotti et al., 2011). This can ensure that the sliding surface 
begins from the initial time instant, which eliminates the reaching phase (Shen et al., 2015).

The main stabilization results for the case when certain actuator failures occur to the spacecraft 
have been presented in some literature. According to Crouch (1984), sufficient and necessary 
conditions for the controllability of rigid spacecraft in the case of one, two, and three independent 
control torques were provided. He pointed out that controllability was impossible with fewer than 
three devices in the case of momentum exchange devices. Additionally, Kerai (1995) pointed out 
that the rigid body system was never small-time locally controllable with only one control. The 
angular velocity equations can be made asymptotically stable about the origin by means of two 
control torques along the principal axes (Brockett, 1983). Aeyels (1985) used one torque alligned 
with a principal axis to investigate the feedback stabilization problem of the zero solution of angular 
velocity equations. However, it is required that the moment of inertia of the rigid body along that 
principal axis should be the largest or the smallest. Bloch & Marsden (1990) also validated this 
conclusion. Aeyels & Szafranski (1988) also showed that a single control aligned with a principal 
axis cannot stabilize the rigid body system. We believe that, under given conditions, the spacecraft 
chaotic attitude system will be controllable when the failures of two actuators occur.

Motivated by the above researches, an integral sliding mode-based control strategy is developed 
for the spacecraft chaotic attitude motion with certain actuator failure and control input constraint, 
where the linear matrix inequality technique is incorporated into the controller design. Also, the 
potential effects of external disturbances on system performance are explicitly investigated during 
the attitude dynamics and problem statement process. Compared with most existing spacecraft 
attitude control approaches, the presented control scheme only requires a quantitative relation of the 
moment of inertia without precise information, and the fault detection mechanism is not required 
to detect the actuator failure. Furthermore, the proposed control law could track the attitude motion 
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trajectory designed in advance and use the linear matrix inequality technique to obtain the unknown 
matrices introduced in the integral sliding mode. Using the Lyapunov method, the stability analysis 
of the resulting closed-loop system is demonstrated in detail, and the effectiveness of the proposed 
control method is also analyzed via numerical simulations.

The remainder of this paper is organized as follows. The next section introduces the spacecraft 
attitude dynamics equation and writes it in a nonlinear equation form of three inputs. Besides, this 
section describes two kinds of chaos phenomenon in the spacecraft attitude motion influenced by 
external disturbances and transforms the nonlinear equation form of three inputs into that of double 
input and single input under the condition of actuator failures. Then, the purpose of this work is 
addressed, followed by the section that presents the integral sliding mode-based robust controller. 
Numerical simulations are performed to illustrate the performance of the controller. Finally, the 
conclusions of this work are drawn.

ATTITUDE DYNAMICS AND PROBLEM STATEMENT
Supposing the spacecraft is a rigid body with actuators that provide control torques with regard 

to three mutually perpendicular axes that define a body reference frame. The attitude dynamics 
equation is given by

                                                                                                        (1)

where  means the angular velocity of the body reference frame with respect 
to the earth-centered inertial reference frame represented in the body reference frame,  denotes 
the spacecraft inertia matrix,  represents the control input torque, and  means the external 
disturbance torque imposed on the spacecraft, which is generally expressed in the following 
nonlinear form:

                                                                                                                             (2)

where , which can be a constant matrix or matrix varying with 

angular velocity; , which can be a constant matrix or matrix varying 

with angular velocity, or even periodic matrix or long-term matrix. Use Levi-Civita symbol in 
three dimensions to express vector products, denoted as , and the corresponding definition is as 
follows:

                                                                       (3)

For any two vectors , we have , 
where  represents the k-th component of the vector product.

Combining equation (1) and equation (2), and writing in the component form, we have

                                                                                                                                                       (4)
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where  and  denote the three components of inertia matrix;  denote the 
three components of control input torque.

Then,

                  (5)

Let

Then, equation (5) can be transformed into the following form:

                                                                                                                  (6)

First, two examples of the spacecraft attitude motion are analyzed when the control torques that 
actuators provide are zero, namely, when u=0.

Example 1: When the moment of inertia and the external disturbances acted on the spacecraft satisfy

Equation (5) is transformed into the Chen system form,

                                                                                                       (7)

When , the system denoted by equation (7) is a chaotic system, and the 
chaotic attractor and its projection are shown in Fig.1, from which we can obviously see that the 
spacecraft attitude motion is chaotic.
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Figure 1. Spacecraft attitude Chen system chaotic attractor and its projection.

Example2: When the moment of inertia and the external disturbances acted on the spacecraft 
satisfy

Equation (5)  is transformed into the Lu system form,

                                                                                                                                                       (8)

When , the system denoted by equation (8) is a chaotic system, and the chaotic 
attractor and its projection are shown in Fig.2, from which we can also see that the spacecraft 
attitude motion is chaotic.
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Figure 2. Spacecraft attitude Lu system chaotic attractor and its projection.

Under the condition of total fault or failure of certain actuators, the sliding mode controller 
can be designed. Two cases are considered, that is, the failure of one actuator and failures of two 
actuators.

Case 1 (failure of one actuator): Two control inputs are added into the system; take the failure 
of actuator installed on the x-axis for example.

In this case, we have . The attitude dynamics system denoted by equation (6) can be 
transformed into the following nonlinear equation of double input:

                                   (9)

where

Case 2 (failures of two actuators): Only one control input is added into the system; take the 
failures of actuators installed on the x-axis and y-axis for example.

In this case, we have . The attitude dynamics system denoted by equation (6) can 
be transformed into the following nonlinear equation of single input:

                                             (10)

where

Then, by analyzing equation (10) , it is obviously seen that the spacecraft chaotic attitude 
system can be controllable if and only if the two initial angular velocities along the x-axis and 
y-axis are zero, namely, , which results in . We just need to design  to stabilize 
the angular velocity along the z-axis.

The purpose of this work is to design a control input  for the spacecraft attitude dynamics 
system with chaotic attitude motion and certain actuator failure, such that, for all physically 
possible initial conditions, all , and the following is achieved within a given 
finite time: .
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SLIDING MODE CONTROLLER DESIGN
To meet the necessary observation mission or the requirement of control input constraint, the 

spacecraft angular acceleration should track a given reference trajectory. Assume that the maximum 
of yaw angular acceleration is  , and the reference trajectory of yaw angular acceleration  
is shown in Fig.3.

Figure 3. Reference trajectory of yaw angular acceleration.

The corresponding mathematical expression is

                                                                                                                                                      (11)

Then, the mathematical expression of reference angular velocity can be represented by equation (12).

                                                                                                                                                     (12)

where the maximum of angular acceleration depends on the characteristic time instant  
and the initial value of angular velocity .

The maximum of yaw angular acceleration is calculated as

                                                                                                                                                      (13)

Assuming the angular velocity error is , then the derivative of angular velocity error with 
respect to time is

                                                                                 (14)
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The sliding mode control law constituted of equivalent control  and switching control 
. With , the equivalent control term can be obtained; then let , by analyzing  
and substitute , such that  is satisfied, and the switching control term can be obtained. The 
equivalent control term ensures that the state of angular velocity error system is maintained on 
the sliding surface, and the switching control term ensures that the state does not leave the sliding 
surface.

Design integral sliding surface
                                                                                                                         (15)       

The definitions of matrices C and K will be discussed later, then

                                                       (16)       
Let , the equivalent control term

                                                                                     (17)       

Substituting equation (17) into equation (14) , we have
                                               (18)       

In Case 1, when the failure of actuator installed on the x-axis is considered, .

Then,

                                                                                                                                                      (19)       

In Case 2, when the failures of actuators installed on the x-axis and y-axis are considered, 
.

Then,

                             (20)

Consequently, equation (18) can be transformed into equation (21) .

                                                                                                                                                     (21)

Because  , the angular velocity error system is Hurwitz stabilizable if and only if

                                                                                  (22)

By choosing appropriate symmetric positive definite matrix P, use YALMIP toolbox and we 
can obtain the unknown matrices C and K.
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Comparing the above two cases, it can be seen that the forms of the equivalent control term for 
Case 1 and Case 2 are the same; only the dimension of matrices F, C and K is different.

Lemma 1: Adopt the reaching law

                                                                            (23)

The error state e(t) will reach the sliding surface in finite time, denoted by :

                                                                                                                                                       (24)

Proof: With equation (23) , we have

                                                                                                                                                      

Namely,

Then,

Integrate the above equation and the reaching time can be obtained: 

When , the conclusion is proved.

Theorem 1: Design sliding mode control law

                                                    (25)

Then, the error state starting from any initial point will reach the sliding surface in finite 
time. Consequently, the closed-loop system generated by equations (14) and (25) is globally 
asymptotically stable. To avoid chattering, sign function  can be replaced by continuous 
function .

where  is a very small positive constant.

Proof: Let a Lyapunov function candidate be of the form
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The first derivative along the solutions of equation  is

Therefore, the control law can ensure that the state reaches the switching surface in finite time. 
Once the state reaches the switching surface, it will be maintained on the switching surface. When 
the angular velocity error state is on the switching surface, the dynamics of the error system can 
be denoted by equation (21) . According to Theorem 1, the error system denoted by equation (21) 
is asymptotically stable. Therefore, the chaotic system denoted by equation (14) is asymptotically 
stable with controller (25), such that , and the proof is completed.

For , we have , so the chaotic system (9) and (10) are asymptotically stable 
with controller (25). To guarantee the limit of control input, we can choose the appropriate 
maximum boundary value , and the criterion for judgement is whether the boundary value will 
influence the system stability.

Simulation results
This section will test the effectiveness of the proposed controller by numerical simulations. 

Based on the spacecraft chaotic attitude motion of Chen system and Lu system, mathematical 
simulations are performed, respectively.

The moment of inertia of spacecraft in kilogram-square meter , the reference 
angular velocity is given by , the reference angular acceleration is given 

by , the characteristic time instant is given by , and 
the initial value of yaw angular velocity is given by .

According to equation (13) , we have  . Choose the maximum boundary value 
of control input , the symmetric positive definite matrix , and the 
related parameters of sliding mode controller .

Case 1 (failure of one actuator): The initial value of angular velocity is chosen as 
, then, the solutions of equation (22) can be obtained using 

YALMIP toolbox, namely,

The simulation results for the Chen attitude chaotic system and Lu attitude chaotic system are 
shown in Figs.4-13. Fig.4 and Fig.5 display the time histories of the reference angular velocity 
and reference angular acceleration, which are in accordance with Fig.3. Fig.6 and Fig.7 display 



12Spacecraft chaotic attitude control with certain actuator failure based on integral sliding mode

the variations of angular velocity based on the Chen system and Lu system, respectively. Fig.8 and 
Fig.9 display the variations of angular velocity error based on the Chen system and Lu system, 
respectively. As can be seen, the convergence time is 60s, which is the same with the characteristic 
time instant . These four figures indicate that the angular velocity and angular velocity error could 
rapidly converge in the presence of external disturbances, which lead to a chaotic motion.

Figure 4. Reference angular velocity. Figure 5. Reference angular acceleration.

 Figure 6. Angular velocity based on the Chen
system in Case 1.

 Figure 7. Angular velocity based on the Lu
system in Case 1.

 Figure 8. Angular velocity error based on the
Chen systemin Case 1.

 Figure 9. Angular velocity error based on the
Lu systemin Case 1.

Fig.10 and Fig.11 display the variations of control torque, and the value satisfies the given restraint 
condition. Fig.12 and Fig.13 display the external disturbance torque curves imposed on the 
spacecraft that lead to a chaotic attitude motion. These four figures indicate that the control torque 
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and external disturbance torque both rapidly converge to zero, and the control torque and the 
external disturbance torque are approximately equal but in opposite directions.

 Figure 10. Control torque based on the Chen
system in Case 1.

 Figure 11. Control torque based on the Lu
system in Case 1.

 Figure 12. Disturbance torque based on the
Chen system in Case 1.

 Figure 13. Disturbance torque based on the Lu
system in Case 1.

Case 2 (failures of two actuators): When the initial value of the angular velocity is chosen as 
, then, the solutions of equation (22) can be obtained using YALMIP 

toolbox, namely,

The simulation results for the Chen attitude chaotic system and Lu attitude chaotic system 
are shown in Figs.14–21. Fig.14 and Fig.15 display the time histories of the angular velocity 
based on the Chen system and Lu system, respectively. Fig.16 and Fig.17 display the variations of 
angular velocity error based on the Chen system and Lu system, respectively. As can be seen, the 
convergence time is 60s, which is the same with the characteristic time instant . These four figures 
indicate that the angular velocity and angular velocity error could rapidly converge in the presence 
of external disturbances, which lead to a chaotic motion.
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 Figure 14. Angular velocity based on the Chen
system in Case 2.

 Figure 15. Angular velocity based on the Lu
system in Case 2.

 Figure 16. Angular velocity error based on the
Chen system in Case 2.

 Figure 17. Angular velocity error based on the
Lu system in Case 2.

Fig.18 and Fig.19 display the variations of control torque, and the value satisfies the given restraint 
condition. Fig.20 and Fig.21 display the external disturbance torque curves imposed on the 
spacecraft that leads to a chaotic attitude motion. These four figures indicate that the control torque 
and external disturbance torque both rapidly converge to zero, and they are much smaller than 
those corresponding to Case 1.

 Figure 18. Control torque based on the Chen
system in Case 2.

 Figure 19. Control torque based on the Lu
system in Case 2.
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 Figure 20. Disturbance torque based on the
Chen system in Case 2.

 Figure 21. Disturbance torque based on the Lu
system in Case 2.

If one of the initial angular velocities along the x-axis or y-axis is not strictly zero, there is a very 
small perturbation. For example, , the variations of the angular 
velocity based on the Chen system and Lu system can be seen in Fig.22 and Fig.23, respectively. 
This indicates that the spacecraft attitude motion is still chaotic, and the designed controller 
becomes invalid. This is in accordance with the prerequisite of controller design.

 Figure 22. ω1-ω2-ω3 3D graph and its
projection based on the Chen system.

 Figure 23. ω1-ω2-ω3 3D graph and its
projection based on the Lu system.

CONCLUSIONS
A novel sliding mode control method with control input constraint has been proposed in this 

paper. To deal with certain actuator failure and chaotic motion problem of spacecraft attitude system, 
integral sliding mode and angular velocity tracking ideas are incorporated into the controller, which 
consists of equivalent control term and switching control term. A detailed stability proof of the 
closed-loop system is also included based on Lyapunov analysis. When the failure of one actuator 
occurs, the angular velocities along three principal axes can be stabilized. Under given conditions, 
the spacecraft chaotic attitude system will be controllable when the failures of two actuators occur. 
Moreover, simulations are performed to assess the effectiveness and feasibility. The simulation 
results indicate that the controller presented in this paper has the following characteristics: (a) 
elimination of chaotic attitude motion, (b) explicit consideration of control input constraint, 
(c) presupposition of attitude stabilization time, (d) track reference angular velocity trajectory 
designed in advance, (e) consideration of certain actuator failure, and (f) robustness to bigger 
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external disturbance torque. Therefore, the proposed sliding mode controller can be applied in 
practical stabilization control of spacecraft chaotic attitude motion under control input constraint.
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