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الخـلا�صــة

الهدف الأ�سا�سي من التك�سير الهيدروليكي هو �إن�شاء م�سار عالي التو�صيلية. يتم تك�سير غاز ال�صخر الزيتي 

ب�شكل رئي�سي بوا�سطة بقع الماء. يتم �إن�شاء �شبكة معقدة من الك�سور الثانوية ال�ضيقة في تك�سيرات بقع الماء.

�أحادية  طبقة  ا�ستخدام  منخف�ضة. يمكن  تو�صلية  على خا�صية  بروبانت تحافظ  دون  من  ال�ضيقة  الك�سور  هذه 

جزئية من البروبانت لتعزيز التو�صيلية لهذه الك�سور ومن ثم تح�سين الإنتاج. ب�سبب التفاعل بين البروبانت 

انخفا�ض عر�ض  �إلى  ي�ؤدي  مما  الت�شكيلات،  البروبانت في  تر�سيخ  يتم  المحيط،  ال�ضغط  الك�سر تحت  و�سطح 

الك�سر وفعالية التو�صيل.الأبحاث المتاحة قد عالجت الم�شكلة. ومع ذلك، ف�إن ال�صخر الزيتي يك�شف كميات 

غرز  با�ستمرار  تعزز  �أن  ��شأنها  من  التي  التطبيقية،  لل�ضغوط  الا�ستجابة  في  الت�سرب  ت�شوهات  من  متفاوتة 

المدى  التو�صيلية على  الوقت على  يعتمد على  الذي  العامل  ت�أثير هذا  الك�سور.  البروبانت وتخفي�ض عر�ض 

الطويل للبروبانت �أحادي الطبقة الجزئي لي�ست مفهومة جيدا.يمكن الإ�ستفادة من درا�سة الخ�صائ�ص والعوامل 

في  الهيدروليكي.  التك�سير  وتح�سين  الإنتاج  لتحليل  التو�صيل  في  الطويل  المدى  على  التغيير  على  الم�سيطرة 

هذه الدرا�سة يتم تطوير نماذج مدمجة في الطرق العددية والتحليلية لذلك.تم تطوير نموذج العن�صر المحدود 

معادلة  على  مبني  مب�سط  نموذج  ا�ستخدام  تم  بعدها  الك�سور.  عر�ض  في  الطويل  المدى  على  التغيير  لمحاكاة 

Carman-Kozeny لح�ساب الخا�صية التو�صيلية على المدى الطويل.وت�شير نتائج المحاكاة �أنه بعد النظر في 
�آثار الزحف على المدى الطويل، لا يزال يوجد هناك تركيز من البروبانت الأمثل، والذي لا يزال التو�صيل 

الأق�صى للبقايا بعد اغرز البروبانت.كما ت�شير نتائج المحاكاة �أي�ضا �إلى �أن التركيز الأمثل يعتمد على ال�ضغط 

والخ�صائ�ص الميكانيكية لل�صخور والخ�صائ�ص الميكانيكية للبروبانت والوقت.
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ABSTRACT
The primary goal of hydraulic fracturing is to create a high conductive pathway. Gas shale 

is mainly fractured by slick-water. A complex network of narrow secondary fractures is created 
in slick water fracturing. These narrow fractures without proppants maintain low conductivity. 
A partial monolayer of proppant can be used to enhance the conductivity of these fractures and 
then improve the production. Due to the interaction between proppants and fracture surface under 
confining stress, the proppants will embed into the formations, which results in a decrease in 
fracture width and conductivity. Researches available in literature have addressed the problem. 
However, the shale reveals varying amounts of creep deformation in response to applied 
stress, which will continuously enhance the proppant embedment and reduce fracture width. 
The influence of this time dependent effect on the long term conductivity of partial monolayer 
proppant is not well understood. The study of the characteristics and controlling factors of the 
long term change in conductivity can benefit to the production analysis and hydraulic fracturing 
optimization. Therefore, models combining numerical and analytical methods are developed in 
this paper. A finite element model is developed to simulate the long term change in fracture width. 
Then a simplified model based on Carman-Kozeny equation is used to calculate the long term 
conductivity. Simulation results show that after considering long term creep effects, there is still an 
optimal proppant concentration, which remains the maximum residual conductivity after proppant 
embedment. The simulation results also indicate that the optimal concentration depends on stress, 
rock mechanical properties, proppant mechanical properties and time. 

Keywords: Finite element method; fracture conductivity;  hydraulic fracturing; proppant 
embedment; shale gas reservoirs.

INTRODUCTION
Shale gas is becoming an important energy source worldwide. The increasing significance of 

shale gas has led to the need for deeper understanding of shale behavior. Development of shale gas 
resources relies on drilling horizontal wells and massive multi-stage hydraulic fracturing, which is 
capital intensive. Deeper understanding of hydraulic fracturing can benefit the economic aspects 
of shale gas exploitation. 

The hydraulic fracturing involves injecting a fluid at a pressure sufficiently high to break 
down the rock. To prevent the closure of hydraulic fracture after the treatment, a propping agent 
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is transported into the fracture to keep the fracture open and maintain a conductive flow path 
for the hydrocarbon production (Economides & Nolte, 2000). Therefore, the primary goal of 
hydraulic fracturing is to create a high conductive pathway (Cipolla, 2009). The flow capacity of 
the conductive path is reflected as fracture conductivity, which is the product of fracture width and 
permeability. 

The fracture conductivity is typically maintained by filling the fracture with multiple layers 
of proppants, named as proppant packs as shown in Figure 1. However, a complex network of 
narrow secondary fractures, rather than bi-wing fractures, is created in gas shale by slick water 
fracturing. These fractures without proppants cannot maintain a relative high conductivity. A partial 
monolayer of proppant can be used to enhance the conductivity and then improve the production 
(Fredd et al., 2001). Therefore, the study of the conductivity of narrow fractures filled with a 
proppant monolayer can benefit the production analysis and optimization of hydraulic fracturing 
in gas shale. 

Hydraulic fracture

Well bore

Formation rock

Formation rockProppant Pack

Formation rockOil and gas flow into the high 
conductive channel from the 
formation

Formation rock

Formation rock

Before embedment and 
deformation

After embedment and 
deformation

 

Fig. 1. Illustration of propped hydraulic fracture

Different mechanisms can contribute to the impairment of fracture conductivity including 
proppant embedment, non-Darcy flow, multi-phase flow, etc (Palisch et al., 2007). The 
relative contribution of each of the impairment mechanisms varies from one formation to the 
other, depending upon numerous variables including mechanical properties, mineral content, 
temperature, proppant type, fracture fluid type and closure pressure (Alramahi & Sundberg, 
2012). The proppant embedment in soft formations with rich clay may enormously impair the 
fracture conductivity due to the decrease of fracture width up to 60% (Lacy et al., 1998). Proppant 
embedment is the direct result of rock deformation at the fracture face, when it is indented by the 
proppant with a loading perpendicular to fracture face imposed by the effective horizontal stress. 
(Alramahi & Sundberg, 2012)

Many scholars conducted laboratory studies on proppant embedment. (Huitt & McGlothlin Jr, 
1958; Volk et al., 1981; Hartley & Bosma, 1985; Lacy et al., 1997; Lacy et al., 1998; Wen et al., 
2007; Guo et al., 2008; Lu et al., 2008; Zhang et al., 2015 ). Experiment apparatus and methods 
have been developed. The effects of elastic modulus, closure pressure, water saturation, particle 
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size and distribution, proppant concentration, fluid viscosity and leakoff rate were investigated. In 
recent years, theoretical studies on modeling of proppant embedment have also been reported (Guo 
& Liu, 2012; Khanna et al., 2012; Neto & Kotousov, 2013; Li et al., 2014; Deng et al., 2014; Yan et 
al., 2016). However, these studies focused on the elastic deformation of rock. Elastic deformation 
only reflect the instantaneously behavior of shale. However, the shale is weak, unconsolidated and 
very fine-grained (average grain size less than 10 μm), with a composition of more than 50% clay, 
30% quartz, and some minor amount of feldspar and plagioclase (Losh et al., 1999). The shale 
exhibits pronounced viscous creep behavior. The amount of shale volumetric creep strain for the 
same time period under the same pressure condition is 4 times larger than that of sand. (Chang & 
Zoback, 2009). The characteristics and controlling factors of long term conductivity due to creep 
is important in the analysis of production behavior and optimization of fracturing design. It is 
worthwhile to study the characteristic and controlling factors of long term change in conductivity 
of narrow fractures filled with proppant monolayer. 

Therefore, models combining numerical and analytical methods are developed in this paper. 
In the present work, a finite element method (FEM) is used to model fracture width change due 
to proppant embedment. The model considers the simultaneous elastic and creep deformation of 
rock. Then a simplified model based on Carman-Kozeny equation is used to calculate the long term 
conductivity. Characteristics and controlling factors of narrow fracture conductivity are simulated. 

THE NUMERICAL MODEL

Theoretical background
The deformation of shale shows a viscoelastic characteristic, which is the property of material 

that displays both viscous and elastic response, when subjected to load (Almasoodi, et al., 2014). 
Viscoelasticity can be visualized by two distinct phenomena, which are creep deformation and 
stress relaxation. The latter is outside of the scope of this paper. Creep deformation means that the 
shale exhibits a continuous increase in strain with time, when subjected to constant load. 

A viscoelastic shale has an elastic deformation and a viscous deformation. The elastic 
deformation of shale is most commonly described by the stress-strain relationship of Hooke’s Law. 
When rock is continuously subjected to high levels of stress, time dependent strain occurs. This 
time-dependent deformation is known as creep, which is the tendency of a solid material to move 
slowly or deform permanently under the influence of mechanical stresses. The rate of deformation 
is a function of rock properties, exposure time, temperature and the applied stress. 

Sone & Zoback (2014) conducted laboratory tests on time dependent viscous deformation of 
shale gas reservoir rock. Results indicated that the time dependent deformation is an inherent 
property of the dry rock. This behavior can be described by a power law function of time, as 
follows:

	                                                                                                                (1)

where ε is the creep strain; σ is the applied stress, Pa; t is time, s; B and n are constant. 
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Mechanical induced change of fracture width and conductivity after fracturing involves two 
processes, proppant embedment and proppant deformation. The proppant embedment process 
includes the indentation of proppant into the rock and deformation of the rock (Li et al., 2014). 
The deformation of shale can be described by Equation . The proppant can be assumed as elastic 
body. Its deformation is also described by Hooke’s Law. Contact mechanics can be used to solve 
the indentation of proppants into a body (Khanna et al., 2012). 

The contact problem can be formulated as a constrained minimization problem, where the 
objective function to be minimized is the total potential energy  of the bodies in contact. The 
energy for this system can be written as

                                                                                                        (2)

where, k is stiffness matrix, u is the displacement field, and f is the external force. Several 
constrained minimization algorithms can be used to solve the problem of Equation , such as the 
penalty method, the lagrange multipliers method and the augmented lagrangian method. The 
results presented in this paper are based on the augmented lagrangian method according to the 
ANSYS implementation. The detailed analytical and numerical method on this problem can be 
found in reference (Johnson, 1987; Wriggers, 2006). 

It should be noted that some simplifications were adopted in order to model the process, 
such as disregard of the secondary cracking of the fracture wall and crushing of proppants. 
The elastic and creep deformation is considered to be the primary mechanism of fracture 
conductivity loss.

Model implementation
A narrow fracture filled with  partial monolayer proppants is subjected to confining stress. In 

hydraulic fracturing, the confining stress is also called closure pressure. The width of the fracture 
diminishes due to the compaction of proppants and embedment of proppants into fracture face. 
Due to the strong nonlinearity of contact problem, the numerical model was implemented in the 
finite element code ANSYS static structural code. A physical model for embedment is shown in 
Figure 2. The boundary conditions of the model are the same to that in the experimental tests (Lacy 
et al., 1997; Lacy et al., 1998; Fredd et al., 2001; Wen et al., 2007). The rock length is L, fracture 
width is wf, rock width is wr and proppant radius is r. A confining stress is applied on the top of 
the rock, while the bottom of the rock is fixed. The sides of the rock are fixed to x movement. FEM 
requires meshing the system to be analyzed into a finite number of elements. In ANSYS software, 
the mesh profile can be generated manually or automatically by a special algorithm in the software. 
In this simulation, a face mesh with refinement is used. 
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Fig. 2. illustration of calculation domain and boundary conditions

In order to reflect the features of the sparse distribution of proppants, a normalized parameter 
called distance ratio (Pdr), is introduced as illustrated in Figure 3, which is 

                                                                                                                           (3)

where L is rock length, m; r is particle radius, m. If the two packs are close to each other, the 
Pdr is equal to unity; if not, Pdr is smaller than unity. The parameter is also a reflection of proppant 
concentration in the narrow fracture. 

According to the relationship between the pressure difference in section 1 and section 2, the 
equivalent permeability of section 1 and section 2 is 

                                                                                             (4)

where k1 is the permeability of the void space without proppant (section 1), m2; k2 is the 
permeability of proppant pack (section 2), m2; eqk  is the equivalent permeability of section 1 and 
section 2, m2. 

2r

L/2

k1
Fluid 

Inflow
Proppant 

k2

Fig. 3. Illustration of conductivity calculation
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The conductivity of section 1 is

                                                                                                                          (5)

The Carman-Kozeny model is used to calculate the permeability of the proppant packs (section 
2) as follows (Kaviany, 1995):

                                                                                                    (6)

where, wf is fracture width, m;  is the porosity of the sample; d is sphere diameter, m. This 
equation has been validated in calculating permeability of proppant pack (Sanematsu et al., 2015). 

Then the fracture conductivity can be obtained by

                                                                                                                  (7)

where, Fc is the fracture conductivity, m.m2. The residual conductivity after proppant embedment 
and deformation is normalized against the conductivity of fracture with a width equals to the initial 
width (2r), marked as Fcn. 

DISCUSSION

Model verification
To verify the FEM model, it is necessary to compare the FEM model with the existing models. 

Li et al. (2014) developed a model to calculate proppant embedment with consideration of the 
elastic process. With the basic data in Table 1, the results of the two models are illustrated in 
Figure 4. The values calculated with the FEM model and the model of (Li et al., 2014) overlap 
each other. This verifies the effectiveness of the FEM model for the elastic deformation and contact 
calculation. For the width change with time, Figure 5 shows the comparison between analytical 
results and FEM model. The analytical results are calculated based on models of Li et al. (2014) 
and Sone & Zoback (2014) using the basic data in Table 1. The two results are close to each other 
with a maximum error less than 5%. This verifies the effectiveness of the FEM model for the creep 
deformation. Therefore, it is reasonable to use the FEM model.

Table 1. Basic parameters

Poisson›s 
ratio of

proppant

Poisson›s 
ratio of

rock

Young›s 
modulus of 
proppant
(MPa)

Young›s 
modulus 
of rock
(MPa)

Radius of 
proppant

(mm)

Thickness 
of rock
(mm)

n

0.13 0.13 21306 20000 0.325 20 0.062
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Fig. 5. Comparison of width change with time

Characteristics of long term conductivity
The fracture width change and deformation of different mechanisms are normalized against 

a width equals to the initial width (2r). If not otherwise specified, the confining stress is 30MPa. 
Figure 6 illustrates the fracture width change with time at different Pdr. As shown in the figure, the 
change in fracture width increases with time, resulting in a continuous decrease in fracture width. 
With a decrease in Pdr, the long term effect is more obvious. This is because, with a decrease in 
Pdr, less proppants remain in the fracture to support its opening. The force acting on the single 
particle is larger and long term creep is more obvious. However, after 100d, the change in the 
fracture width is relatively small for different Pdr. This indicates that the decrease of fracture width 
mainly happens in the initial production stages. The instantaneous elastic deformation dominates 
the change of fracture width under the simulated conditions (Figure 6b). However, at Pdr =0.1 
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and time = 360d, the creep deformation is close to the elastic deformation. When the proppant 
concentration is small, with the increase of production time, the width reduction caused by creep 
deformation may exceed the elastic deformation, thus becoming the main factors affecting the 
width change. 
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Fig. 6. Change in fracture width with time at different Pdr

Long term fracture conductivity can be obtained with the known conditions, n=0.062 and 
B=5×10-5MPa-1, as shown in Figure 7. The initial conductivity decreases with Pdr, because more 
proppants occupy the void space, resulting in decreased permeability. The change in residual 
conductivity after proppant embedding is more complex. With an increase in Pdr, the fracture 
conductivity first increases to a certain value and then decreases. In other words, there is an 
optimal Pdr, which has the maximum conductivity after proppant embedment and deformation. 
This is because with an increase in Pdr, there are two different effects on conductivity: (1) a 
reduction in proppant deformation and embedment due to more proppants supporting the 
confining stress, which decreases the loss of conductivity and (2) an increase in the loss of 
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conductivity due to a reduced void volume, which is occupied by more proppants. The curve 
trend is the same as the calculations done by Khanna et al. (2012), in which the conductivity is 
computed by Ansys CFX. 
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Fig. 7. Relationship between initial conductivity and conductivity after embedding 

Influencing factors of long term conductivity
From Equation , the long term conductivity is determined by two important parameters: the 

stress and parameter B. According to Sone & Zoback (2014), the parameter B essentially reflects 
the instantaneous elastic modulus of the rock. The elastic modulus of rock (E) nearly equals to 1/B. 
Then a normalized parameter can be defined as follows: 

                                                                                                                                (8)

where E is the Young’s modulus of rock, Pa. From Equation , the new normalized parameter 
reflects the influence of B and stress simultaneously.

Figure 8 shows the relationship between proppant distance ratio (Pdr) and normalized conductivity 
(Fcn) at different normalized stress (Pn) for four different times. The results demonstrate that for any 
pressure and time conditions, there exists an optimal proppant distance or concentration, which has 
the maximum conductivity after proppant embedment. At high confining stress or low rock elastic 
modulus, the optimal proppant distance is high, which means that the proppant should be placed 
closer to each other. At low pressure or high rock elastic modulus, the proppant can be placed more 
diffuse. Besides, at lower confining stress (Pn=0.00075 and Pdr=0.0015) the optimal distance has 
no obvious change from 1d to 360d. At higher pressure (Pdr=0.003), the optimal distance shows 
a slightly change. This trend indicates that with an increase in stress or a decrease in rock elastic 
modulus, the effect of creep on the optimal concentration will be more obvious. 
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Fig. 8. Effect of pressure and rock elastic modulus on conductivity

Figure 9 shows the comparison between elastic and creep deformation for three different times 
in Figure 8. As can be seen in the figure, with an increase in time and stress, the elastic and creep 
deformation increase as expected. Under high confining stress or low rock elastic modulus, the 
creep deformation will be the dominant factors controlling the closing of fracture (Figure 9c). 

 

Fig. 9. Comparison between elastic and creep deformation
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CONCLUSIONS
In this paper, the characteristic and controlling factors of partial monolayer proppant were 

studied. The following conclusions can be drawn according to the present study:
(1) Calculation in this manuscript demonstrates that long term effects should be considered in the 

determination of proppant concentration. After considering the long term creep deformation, 
there is still an optimal proppant concentration, which has the maximum conductivity after 
considering proppant embedment. Besides, the calculated optimal proppant concentration 
becomes larger than that without considering long term effect.

(2) The optimal proppant concentration depends on stress, rock mechanical properties, proppant 
mechanical properties and time. With an increase in closure pressure or a decrease in rock 
elastic modulus, the proppant should be placed closer to each other. 
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NOMENCLATURE
B - Constant
d - Sphere diameter, m 
E - Young’s modulus of rock, Pa
f - External force.
Fc - Fracture conductivity, m.m2
Fcn - Normalized conductivity, dimensionless 
k - Stiffness matrix 
k1 - Permeability of the void space without proppant(section 1), m2 
k2 - Permeability of proppant pack(section 2), m2 
keq - Equivalent permeability of section 1 and section 2, m2.
L - Rock length, m
n - Constant
Pdr - Proppant distance ratio, dimensionless
Pn - Normalized stress, dimensionless
r - Particle radius, m
t - Time, s
u - Displacement field
wf - Fracture width, m;
ε is the creep strain 
σ - Applied stress, Pa

 - Porosity of the sample, dimensionless
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