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Abstract
A control chart is a powerful tool used to monitor the variation of a process. In this paper, a new 

viewpoint of control chart based on process loss index is proposed. The control limits for  chart are 
constructed. The operating characteristics function of  chart is derived, which is used to describe 
how well the control chart can detect assignable causes. Also an average run length is computed 
to show how many samples are needed for the control chart to discover a change of process. In 
addition, comparisons are made with the existing control chart based on Cpm (Spiring, 1995) in 
terms of the operating characteristic curve and average run length. Finally, a real world example 
is given to illustrate the proposed methodology. Through the proposed method, practitioners can 
determine the corresponding sample size based on a desired value of the average run length to 
make the  chart for monitoring the process capability.

Key words: Control chart; process loss index; operating characteristic curve; average run 
length.

1. Introduction
Statistical process control (SPC) is a methodology that detects whether one process is in 

control or not based on the information from samples and takes corrective actions if necessary. 
The objective of SPC is to prevent the production of defective products. The production process 
may shift due to several reasons such as workers mistakes and machine wear and consequently 
lead to the increment of the defective products. One of the most important tools for SPC is the 
control chart. Control charts have many applications in the industries for monitoring the production 
process. The control charts are used to detect the shift/cause of the variation in the process. During 
the production process, the mean, variance, or both can shift. Control charts are useful in separating 
the cause of the variation from the natural variation. Whatever the type of the control chart is, two 
errors are unavoidable. The probability of declaring, in the control process, whether being out of 
control process is called type-I error or the false alarm, denoted by  . The probability of inferring 
that the process is in control when actually it is out of control is called type-II error, denoted by  
. So, the efficient control charts can minimize risks and quickly detect changes when the process 
shifts (Serel, 2009).
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Shewhart X-bar control charts are used to monitor the shift in the mean and R and  charts are 
commonly used for the monitoring of the process variation. The monitoring of both quantities 
separately needs more time, cost, resources, and manpower. Therefore, a control chart that is used 
to monitor the process mean and variation simultaneously is preferred (Cheng & Thaga, 2006).  
For more details, the reader may refer to Chen et al. (2004), Costa & Rahim (2006), Wu & Tian 
(2005), Wu et al. (2005), Zhang & Wu (2006), Wu & Tian (2006), Wu et al. (2009), Hawkins & 
Deng (2009), Li et al. (2010), Zhang et al. (2010), Khoo et al. (2010a), Khooet et al. (2010b), Zhou 
et al. (2010), Huang & Chen (2010), Zhang et al. (2011), Ouet al. (2011), Memar & Niaki (2011), 
Teh et al. (2011), Teh et al.(2012).

It is important to note that, during the manufacturing stage, it may be impossible to produce the 
product exactly at the target value. The process may deviate due to certain factors. The deviation 
from the quality variable to its target value is called the loss of the process. The companies want 
to minimize this loss to get more satisfaction. As Spiring & Yeung (1998) mentioned, the loss 
function is widely used in industries to measure this deviation. Therefore, the use of the loss 
function attracts researchers for the development of control charts using it. Recently, Yang (2013) 
proposed a variable sampling interval (VSI) based on the exponentially weighted moving average 
(EWMA) using the loss function. 

Traditionally, the product manufactured with the given specification limits is considered 
equally conforming and nonconforming if it is outside the limits. However, this measure does 
not distinguish between the differences of the products that fall within the specification limits. To 
remedy this, Johnson (1992) proposed the process loss index  for two-sided specification case 
with normal distribution, to provide numerical measures on the process performance for industrial 
applications. By exploring the literature, we find that no work based on    is proposed. 

In this paper, we will present the design of a control chart using the , which considers three 
cases, that is, (i) mean shift, (ii) variation shift, and (iii) both mean and variation. The rest of 
the paper is organized as follows. The design of the proposed control chart for the process loss 
consideration is given in section 2. The performance of the proposed control chart is discussed in 
section 3. The application of the proposed plan is given in section 4 and the concluding remarks 
are given in the last section.

2. The Design of Control Chart with Process Loss Consideration

2.1The Process Loss Index

The process loss index  is defined as the ratio of the expected quadratic loss and square of 
half specification width as follows:

where f(x) is the probability density function of a quality characteristic of interest,  is the 
process mean,  is the process standard deviation, T is the target value, d = (USL-LSL)/2  is the half 
specification width, and USL and LSL are the upper and lower specification limits, respectively. 
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The advantage of Le over Cpm is that the estimator of the former has better statistical properties 
than those of the latter, as the former does not involve a reciprocal transformation of process mean 
and variance. The Cpm is defined as

In practice, the true value of parameter Le is usually unknown; the sample data must be collected 
to estimate parameter Le . To estimate the process loss index Le , we consider the natural estimator 
Le , the maximum likelihood estimator (MLE) of Le , defined as follows:

where 

Referring to the above definition of equation and the assumption of normal distribution, a 
mathematical relationship can be expressed as follows:

where  is a non-central Chi-square distribution with n degrees of freedom and  non-central 
parameter . The given statistics are different from those of Yang 
(2013).  

2.2 The Control Limits for  Chart

Given  is distributed as  so we can derive

Based on the principle of building control chart with 3-sigma, the control limits for  chart 
can be expressed as
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Because  is usually unknown, it should be estimated from m samples from the in-control 

process. If  denotes the estimator at the i-th subgroup, then  can be estimated by the sample 
mean over m subgroups.

Hence, the control limits for  control chart can be expressed as

where  is the estimator of  by estimating the mean and variance of the process. Note that LCL 
will be set to be 0 if LCL is less than 0.

The new control chart based on the process loss function operates as follows at each subgroup 
over time:

Step-1: Select a random sample of size n from the production process. Compute the statistic

Step-2: Declare the process as in-control if  and without any special 
pattern; otherwise, declare that the process is out-of-control.

It is noted that the analysis of  chart should be implemented only when the process is in a 
state of process in control. For the proposed control chart to be practical and convenient to use, a 
flowchart is provided below.
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Figure 1. Flowchart for implementing the  chart.

2.3 OC Function for  Chart

In this part, we derive the OC function of the control chart based on  for three cases, 
respectively.

Case 1:  shifts

When the process mean  moves to a new location  , the relationship between the new  

and  can be expressed as  , that is, 
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It can be shown that 

So the OC curve for  chart can be built as 

(1)

Similarly, when the process mean  shifts to  , the OC curve for  chart can 
be built as

          (2)

Case 2:  changes

When the process standard deviationchanges into a new scale , the relationship 

between the new  and  can be expressed as   

that is,  .

It can be shown that 

where  

So the OC curve for  chart can be built as 
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(3)

Case 3:  shifts and  changes simultaneously

When the process mean  moves to a new location  and the process standard 
deviation  changes into  , the relationship between the new  and  can be expressed 

as  , that is,  .

It can be shown that 

where 

So the OC curve for  chart can be built as 

(4)

Similarly, when the process mean  moves to a new location  and the process 

standard deviation  changes into  , the OC curve for  chart can be built as



Ching-Ho Yen, Muhammad Aslam, Chia-Hao Chang, Chi-Hyuck Jun9

						    
						    

(5)

In fact,  is usually unknown, so we execute the sensitivity analysis that examines the behavior 
of  against the probability of 3-sigma control limits to find the suitable value of . Figure 2 
displays the probability 1-  of falling within the control limits versus the  value for n=4, 6, 
8, 10, 12. From Figure 2, we can observe that probability 1-  will be smallest at  =0 for all 
n values. For a specified n, the control limits with the smallest value of 1-  can be regarded 
as the optimal control limits, which leads to the smallest probability of  that does not detect 
changes when the process is out of control. Therefore, for practical purposes, we can use  =0 
to calculate 3-sigma control limits of  without having to estimate the parameter . In order to 
evaluate the suitability for 3-Sigma control limit of the control chart we proposed, we use the 
Western Electronic Rules to verify it. Table 1 displays the probabilities that fall into every region 
within the 3-sigma control limit and fall out of the 3-sigma control limit for the  control chart. 
Table 2 displays the corresponding probabilities for each one in Western Electronic Rules, which 
shows that the probability for each rule is very small. Therefore, we can conclude that the use of 
the 3-sigma control limit of the control chart is suitable.

Figure 2. The sensitivity analysis for the probability of control limit vs.

Table 1. The probabilities falling into every region.
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Table 2. The probabilities for each one in the Western Electronic Rules.

3.  Comparison of the Control Charts
In this section, we compare the performance of the control chart we proposed with the existing 

control chart proposed by Spiring (1995) in terms of the operating characteristic curve and average 
run length (ARL). The operating characteristic (OC) curves are an index used to evaluate the 
performance of a control chart, which shows how well the control chart reacts to different degrees 
of changes in one process. Another index to evaluate the performance of a control chart is called 
ARL, which is the expected number of samples taken to discover a change when a process is out 
of control, defined as

To demonstrate the advantages of our proposed method, we implement the analysis of OC 
curves and ARL curves for three cases; namely, (1) the process mean  moves to new location 

 , (2) the process standard deviation  changes into a new  , and (3) the 
process mean  moves to a new location  and the process standard deviation  
changes into 

Spiring (1995) developed the control chart based on the process capability index Cpm and 
derived the control limits of control chart in conjunction with X-bar and S charts, expressed as

                                     (6)

Referring to the above control limits, the OC function of the control chart based on Cpm for the 
three cases can be derived as follows, respectively.
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According to the result of sensitivity analysis mentioned previously, =0 will be used to 
calculate the probability of  for the comparison of the two control charts.

Analysis for Case 1: when  shifts

Table 3 displays the results of the corresponding values of  and ARL of the two control charts 
when the process mean shifts  for n=4, 6, 8, 10, 12. From the outputs in Table 3, we can find 
that the performance of our proposed method is better than that of Spiring (1995) for all cases 
except for  . By using our proposed method, when the process mean shifts 1.5 , the value 

 is 0.38987 and the corresponding value of ARL is 1.63899 for n=6. Instead, the values of  and 
ARL for Spiring (1995) are 0.64844 and 2.8445, respectively. For all sample sizes of n in Table 
3, the abnormality of the process loss  can be quickly detected by taking less than 3 samples 
when the process mean shifts more than 1.5 . For visibility of  with various k  shifts, the graphs 
of OC curves and ARL curves for the two control charts are depicted in Figures 3 and 4. From 
these graphs, we can see that both the OC curves and ARL curves of our proposed method are 
significantly steeper than those of the Cpm control chart, which means that the proposed method has 
a better sensitivity to detect the shift in process mean.

Table 3. The comparison for the performance of two control charts when the process 
mean shifts k  
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Figure 3. The  and ARL curves of control chart versus the  shift in process mean for 
n=4, 6, 8.
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Figure 4. The  and ARL curves of control chart versus the  shift in process mean for 
n=10, 12.

Analysis for Case 2: when  changes

Table 4 displays the results of the corresponding values of  and ARL of the two control charts 
when the process standard deviation becomes  for n=4, 6, 8, 10, 12. From the outputs in Table 
4, we can conclude that the performance of our proposed method is better than that of Spiring 
(1995) for all cases except for . By using our proposed method, when the process changes 
with an expansion of 2 , the value of  is 0.24242 and the corresponding value of ARL is 1.32 
for n=8. Instead, the values of  and ARL for Spiring (1995) are 0.39082 and 1.6416, respectively. 
For all sample sizes of n in Table 4, the abnormality of process loss  can be quickly detected 
by taking less than 2 samples when the expansion of process standard deviation is over 2  . The 
graphs of the OC curves and ARL curves for the two control charts are depicted in Figures 5 and 
6. Compared with Cpm control chart, we can see that both the OC curves and ARL curves of our 
proposed are significantly steeper, which means that the proposed method has a better sensitivity 
to detect the expansion of the process standard deviation.
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Table4. The comparison for the performance of two control charts when the standard deviation 
becomes  
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Figure 5.The  and ARL curves of control chart versus the  variation on  for n=4, 6, 8.
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Figure 6.The  and ARL curves of control chart versus the  variation on  for n=10, 12.

Analysis for Case 3: when  shifts and  changes simultaneously

Table 5 displays the results of the corresponding values of  and ARL of the two control charts 
when the process mean and standard deviation change simultaneously. From the outputs in Table 5, 
it is obvious that the performance of our proposed method is better than that of Spiring (1995) for 
all cases except for  and  . By using our proposed method, the value of   is 0.084723 
and the corresponding value of ARL is 1.09257 with a shift in the process mean of 1  and an 
expansion of the process standard deviation of 2  given a sample size of n=10. Instead, the values 

 of  and ARL for Spiring (1995) are 0.159334 and 1.189564, respectively. For all sample sizes 
of n in Table 5, the abnormality of process loss  can be quickly detected by taking less than 2 
samples when the process mean shifts  and the process standard deviation expands by 2 times. 
Figure 7displays the corresponding  surface plots of the two control charts with the coefficients k 
= 0.0(0.1)1.5 and r = 1.0(0.1)2.5 for n=4. From the graphs, we can observe that when the process 
mean shifts and process standard deviation expands simultaneously, the value  of  will decrease 
sharply. Compared with the Cpm control chart, our proposed method has a better sensitivity to detect 
the shift of process mean and the expansion of process standard deviation.
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Table 5. The comparison for the performance of two control charts when
the process mean shifts  and standard deviation becomes  
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Figure 7. The OC graph of 3-sigma  chart versus the  variation on  and the  shift in 
process mean for n=4 (the above: Spiring (1995); the bottom: the proposed method).

4. A Numerical Example
To exhibit the applicability of the proposed methodology, we present a case of color STN displays 

taken from Aslam et al. (2012) for illustration. Color STN (Super Twisted Nematic) displays are 
created by adding color filters to traditional monochrome. In color STN displays, each pixel is 
divided into R, G, and B sub-pixels. In this study, the membrane thickness of each pixel is the 
critical quality characteristic. The specification limits are T=12000 A0, =12500 A0, and =11500 
A0 (1A0=10- 10 meter). Assume the present process obeys a normal distribution. The sample data 
of 25 multiple samples with a sample size of 8 are collected, shown in Table 6. Figure 8 depicts 
the  control chart for data in Table 6, which indicates that the process is in a state of control. 
Hence, we can make the further analysis of  control chart to judge if the process capability is 
stable. As mentioned previously, =0 is suggested to be used for calculating the 3-sigma control 

limits of  . Based on the sample data, the mean loss  from 25 subgroups, UCL, and LCL can 
be, respectively, calculated as

The control chart of  is depicted in Figure 9, which shows that sample 20 is outside the upper 
control limit. Therefore, we can conclude that the process capability is not in a state of control.
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Table 6. The data for color STN displays.

Figure 8.   chart for data in Table 6.
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Figure 9.  chart for data in Table 6.

5. Conclusions
Control charts and process capability indices have been widely applied in the manufacturing 

industry, which are used to monitor the stability of process and measure the process capability 
according to the manufacturing specifications, respectively. To the best of our knowledge, no 
attempt has been made to propose the control chart using the process loss function. In this paper, 
a new control chart based on process loss index is proposed. In addition, we derive the operating 
characteristics function of  control chart and implement the analysis of  and ARL to compare 
the performance of the proposed method with that of Spiring (1995) given some specific cases. 
The comparisons show that the proposed method can detect the changes of process more quickly 
than that of Spiring (1995). By using the proposed method, practitioners can determine the sample 
size needed based on a desired value of the average run length to make  chart for monitoring the 
process capability.
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